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PKEFACE. 



The present work is intended to complete the sub- 
ject of Plane Trigonometry as fiar as it is usually read 
in Schools and in the junior Classes at the Universities. 
The introduction of the hyperbolic sine and cosine is 
an innovation which seems fully justified by their im- 
portance in other subjects, and by the simplification 
effected by their use in the statement of many theorems 
and formulae. I wish to thank the Master of Gonville 
and Caius College for his valuable advice and as- 
sistance and for his permission to insert the proof given 
in Art. 62. The method of proof employed in Art. 47 
was first suggested by Professor Adams. 

I shall be very grateful for any suggestions or cor- 
rections from teachers or students. 

J. B. L. 

Eton, 
March, 1884. 



NOTR 

References to the articles in the Higher Trigonometry are 
given thus [Art. 100] ; references to the Elementary Trigonometry 
thus [E. 100]. 

The Articles and Exercises which are marked with a star 
should be omitted when the subject is read for the first time. 

The order of the Chapters may in many cases be varied at the 
discretion of the teacher; in particular the last two Chapters 
may often be read as an Appendix to the Elementary Trigo- 
nometry. 

Those of the examples which are not original, have been 
selected from the various Examination Papers which have been 
set at Cambridge in the Tripos and in the different College 
Examinations during the past forty years. Various Examination 
Papers are appended for the information of intending Candi- 
dates. 
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CHAPTER I. 
The Exponential and Logarithmic Sebies. 
1. The series 

ia of importance. Hence we prove as follows : 
I. Its yalue is less than 3« 
For it is less than 

1 1 j. 1 



1+- + ^+-, +jj3 + etc. 



i,e, lesi^ than 1 + !+-<= r >, 

i. e. less than 1 + 1 + 1. 

II. Since it is les^ than 3, the series is conyeigent. 

III. Its value is 2-71828182... 

This may be easily calculated [See Ex. I. (1)]. 

lY. It ii^ ixLcommensnrahle. 

For suppose that it is commensurable; it can then be put 

into the form — where m and n are integers. In this case 

n ^ 

7?i,lll . 1 1 . 

-=l + pr +7o- + ro+ etc. +^ + — — Y+ etc. 
y% 12[3 \n n -h 1 



L. 



!^ 



2 TBIQONOMETRY. 

Multiply each side of this supposed identity by [w then 

7n\n—l=BL whole number + = + 7 i-r-p ^ + etc. 

1 »+l (7i+l)(n+2) 

But ;i + 7 .V. .ox + etc. 

w + 1 (n+l)(n+2) 
is a proper fraction; for it is greater than =- and less than 



w+ 1 "(w-i- 1)» (n+iy ' w 

Hence we have to suppose that wlw - 1 (a whole number) 



= a whole number + a proper fraction; which is absurd. 

Y* Since the numerical value of the series is incom- 
mensurable, and we know of no surd or other algebraical 
expression that is equal to it, it is usual to express its 
numerical value by the letter e. [cf. E. 28.] 

EXAMPLES. L 

(1) Calculate the value of e by taking the first 13 terms of 
the series. 

(2) Prove that the first 13 terms of the series will give the 
value of e correct to 9 significant figures. 

2 4 6 8 

(3) Prove that pr + i^*+ ,^ +r=+etc.=e. 

LL L£ l£ 12 

/^N Tv_ xu X 1 . 1+2 1+2 + 3 . 1 + 2+3+4 . e 

(4) Prove that j^+-^-+-^^ + ^ +ei^.^-^. 

(5) Prove that the series 1 +nr + fo + .-5 + etc. is conver- 

Li [2 [3 

gent for all values of x, 

(6) Prove that the series ^-J;r^ + J^-Ja;*+etc. is con- 
vergent if ^ is greater than - 1 and is not greater than 1« 



ON EXPONENTIAL AND LOGARITHMIC SERIES. 3 
2. Expansion of d' in ascending powers of as. 
Since (Jl + 1)" = |(l + lyj' always ; 

and since by the binomial theorem 
(1+-) =l + «»g + _ij-^g + eta 

,...K--i) /"H)K) .,. 

And similarly 

Therefore 

|l + l+^_«_ + j^^__ +etc.[ 

= l+^+»_^ + 1.2.3 ^"^ 

This statement is arithmetically intelligible and true 
provided both these series are convergent. 

They are convergent for all values of n greater than 1. 

Therefore they are arithmetically intelligible and true 
however great n may be. And in the limit, when n is in- 
finitely increased, the above statement becomes [cfl Art. 8] 

or, ^=l^g+_+^+^+etc. 

This result is called the Exponential Theorem, 

1—2 



4 TRIGONOMETRY. 

3. To expand a' in ascending powers of x. 

We have ^ = 1 + pf- +7^ +t-+ etc.- 

• 11 II b^ 

Let a be any number, and let c = log^a, so tliat e" = a. 

Then a- =(«•)• = 6" =«'"'*'". 

Therefore 

g;log,a g' (log e a/ . x"" (log,a)» 



The Logarithmic Expansion. 

4. In the above expansion put 1 + y for a, and we 
obtain 

(1 + y)- = 1 + i^^i|jjL) + ?>i.a±2^% ,t,. 

This may be put into a different form thus : 
^ = loge (1 + 2^) + 72 {loge (1 + y)Y + terms con- 
taining higher powers of x 
= log«(l+2/) + aj,i?, 
where ^ is a quantity which is not infinite when 05 = 0. 

The limit of the right-hand side when a; = is loge (1 + y). 

The limit of the left-hand side may be found thus : 

(l+2/)'-l \C a:(aj-l) , x{x-\){x-^) . ^ ,) 
^— ^ = -|l+a:y + ^^^yV^— I -V+etc.-l| 

x-l J, (a;-l)(jc-2) » , 

.^y + '-w-^+- — 7^ — ^y + etc- 

and this, when x = 0, has for its limit 

y-iy'+^y'-is/^+etc. 



THE LOGARITHMIC EXPANSION. 5 

This series is convergent when y is equal to or numeri- 
cally less than 1. 

Therefore, when y lies between — 1 and + 1 or is equal 

tol, 

log«(l+y) = y-J.y* + J.y"-J.y*+ etc. 

This is the required Logarithmic Expansion. 



EXAMPLES, n. 

(1) Calculate the numerical value of twelve terms of the 

afi os^ 1 

series 1 +a?+r75 + rs- + etc. when :i?= - 1, and show that it = - . 

Prove the following statements : 

/ovl»l 1.1 xil 1 1 

(3) log.2=-2+3-^ + — g+eto.=l-2-^-j3-g-^-etc., 

and calculate the value of log,2 to 2 decimal places. 

(Result -69...) 

(^) p ■*■ 4* ■*■ ^ ■*■ ®*^- =2 ^^^^^ " log«(y + 1) - loge(y - 1). 
(5) log.[±|=2{y+Jy'+iy^+etc.}. 

if 

(^^ ^ {27T1 + 3(2y+ 1)» + 6 (2y+l)» + ^7 

=log, -±^ = log. (1 +y) - log, y. 

(7) 2log,y-log.(y+l)-log.(y-l) 



W-\ 



■*■ 3 (2y2 - 1)3 +-5 (2ya > i)6 + «^-| - 



6 TRIGONOMETRY. 

(8) Prove that 
log.(n+l).log,(^.l)=2{l+i^3 + ^,+ etc.}. 

(9) Use the series of Ex. (8) to prore that log, 3 = 1 -098612. 

(10) Use the series of Ex. (7) and the result of Ex. (9) to 
prove that log, 2 = -693147. 

(11) Use the result of Ex. (9) and the series of Ex. (6) to 
prove that log, 10 = 2-302585. 



On the Calculation of the Table of Logarithms. 

5. The series for log^ (1 + y) is only convergent provided 
y is not greater than 1 and is grater than — 1 ; also, unless 
1/ is small, the series converges very slowly. 

It is therefore not a convenient series for the purposes of 
njamerical calculation. 

We proceed to obtain such a series. 

6. Since log^(l+y) = y-|y* + ^/-i/+ etc. [Art. 4.] 
therefore loge(l -y) = -y- Jy^-Jy* - iy*-etc. 

Hence by subtraction 

^^«*r^=2{y+i3/'+iy'+ etc.}, 

where y must not be numerically greater than 1. 

Let m and n be positive integers, and let m be > n ; then 

is less than !• Put for y in the above result. 



CALCULATION OF THE TABLE OF LOGARITHMS. i 

Then log. — = 2 < + ^( ) + etc. > , 

Let w = w + 1 in the above ; then 

This series is rapidly convergent, and we have thus an 
easy method for obtaining the logarithms to the base e of 
successive numbers. 

Logarithms to the base e are called Napierian Logarithms 
from their inventor. [E. 227.] 

The logarithms are calculated thus : 

Since Iog.(n+l)-log.»=2J^+^^^^,+etc.}. 

in this fonnnla put 1 for n. 

Then since log 1 =0, we can calculate the value of log. 2. 

Next put 2 forn in the above fonnula, and we can calculate the 
value of log. 3. 

And so on. 

The number of terms of the series which it is necessaiy to indude 
diminishes as n increases. 

In this way a Table of the * Napierian* Logarithms, of all whole 
numbers up to any desired magnitude may be determined. 

On the Calculation op Common Logarithms. 

7. We know that log^^w = log^w -i- log J 0. [E. 209, 2 1 0. ] 

Hence, a table of Napierian Logarithms having been con- 
structed, from it we take logelO (=2-3025850...) and cal- 
culate -z — r^ = '434:29448 : the table of Common Loirs of 
logelO ° 

whole numbers is then formed by multipljring eacb of tbe 
corresponding INTapierian Logarithms by '43429448.... 



8 THIGONOMETBY. 

EXAMPLES, m. 

(1) From the preceding data calculate 

logio2, logio3, logio9. 

(2) Find log« 7 and thence calculate logio 7. 

(3) If /Li=logio6, prove that 
logio(w+l)-logiow 

r H % S 

°" ^'^ (2^^: ■*■ 3(2/1+1)3 "*■ 5~(S>1 + 1)6 "*■ ^^-j • 
8. In Art. 2 the limit, when n Is infinite, of 



X 



('"-^)(*-!)('«-S-(«'-'ir) 



is assumed to be ,— . 

This is clear as long as r is not comparable with n. 

That it is true for all values of r may be proved by 
induction, thus : 

Assume that the above expression = .— + ^, where j5 is q. 

quantity whose limit is zero when n is infinite; multiply 
each side by the factor ( a? — *• ) r , and we obtain 



r+ 1 



"" r+l r+] n*r+l*l|r )' 



1 •• *v^ 

In this, when w=oo,5=0, - = 0, and — =- 7- is finite 

w r+l [r 

however great r may be. This proves the proposition. 



ONCEBTAIN LIMITS. 



9, To prove that the limit of (cob ~\ ^ when n is in- 
finitely increased is 1. 



Since cos' - = 1 — sin* - : 

n n' 



= -^^sm'- + ^ sin* - + - sin* - etc.h. [Art. 4.] 



a . 



[Art. 4, since sin" - is less than l.l 
This series is less than the g. p. 



Sin' - + sin* - + sin" - + etc., 
n n n 



.«» 



sm* - 

t. e, less than , that is, than tan* - ; 

1 — Bin- . 
n 

.'. log (cos -J is less than -7j<w tan'-!- , 

that is less than — x -l-o tan' - • — . 

2 (a" n) n 

The limit of -i- tan' - when w = oo is. 1. [E. 290.] 

an *- -* 

The limit of — when w = oo is 0. 
n 

,\ log f cos - j = when w = 00 , 
and therefore the limit of f cos - j is 1. <j. e. d. 



10 TRIGONOMETRY. 

«^— ] when n is infinitely increased 

- / 

n ' 

M 1. 

^ 1 

"We have (E. 289) 1, -: — ^r, 7. in ascending order of 

^ ' sin^ co8^ ° 

magnitude, when is less than 90^ Therefore also 

\ Sin— / (cos- ) 
^ n' \ nj 

are in ascending order of magnituda 

/ ^ \ . 

Now let n be infinitely increased and then I ^... j lies 

Vsin-/ 

between 1 and a quantity whose limit, by Art. 9, is 1. Q. e. d. 

^EXAMPLES, nr. 

(1) Prove that the limit of (cos- j when n is infinitely in- 
isedis 1. 

(2) Prove that the limit of f —^ j when $ is infinitely di- 
minished is 1. 

cos -J is e 2 when n is infi- 
nitely increased. 

(4) Prove that the limit of f cos-) is zero when n is infi- 



creased is 1. 



nitely increased. 



a« 



(5) Prove that the limit of (cos fff* where 971 is an integer, 



«* 



and 6 is infinitely diminished is zero, e 2, or 1 according as m is 
greater, equal to, or less than 2. 



MISCELLANEOUS EXAMPLES. V. H 



'MISCELLANEOUS EXAMPLES. V. 

(1) Since a**={l + («-!)}*, prove by expanding the right- 
hand side that 

a*= 1 + Aio: + uigar* + A^ + etc., 

where ^i=(a-l)-i(a-l)2 + J(a-l)». 

(2) Since a*+«'=a*xa«', expand a*'*'*' and a* by the theorem 
of Ex. 1 and by equating coefficients of a, prove that 

A^ + 2i4,y + 3 J^gy* + etc. ^A\aP» 

Expand cff', and by equating the coefficients of the various 
powers of y find -4,, -ig, etc. in terms of A^* 

A-t»Xt A ^^x^ 
BesulL «*= 1 + -4i^ + -. — + -y — etc, 

(3) Show that oAi in the last example is e. 

Hence by Ex. 1 prove that 

log.a=(a-l)-i(a-l)2 + J(a-l)3-etc. 

(4) Prove that 

ill 
loge»=m{(»"»-l)-i(7i"»-l)2 + J(7i"»-l)3-eta}. 

_i 

Hence, having given that 102»^ - 1 = •000000000636112, prove 

that log, 10=2-30268, 

(5) Prove that log (w + cQ - log ^=,i | - - ^^ + — 3 - etc.| . 
Hence if 71 be a number greater than 10000 and d a number 

less than 1, prove that 5^|(^;|;$)l^gJ^ = 2^ *« * sufficient ap- 
proximation for all practical purposes. 

(6) Prove that 

log \^^ j =log cos - + log cos 22 + log cos 23 + etc. 

(7) Prove that 

log sin 2a + log cot a = cos 2a - J cos* 2a + J cos^ 2a - etc. 



(12) 



CHAPTER II. 



De MoIYRE's THE0BE3L 



1 1. Def. a/ - 1 is a symbolical expression, whose 
square is —1, which is capable of obeying the ordinary 
laws of Algebra. 

Since J -l obeys the laws of Algebra 

J -a' = J -I xa' = aj — 1. 

The student must observe that such an equation as 
A-^B J — 1 =a + b J — 1 can only be true when A = a and 
£ = b. 

We shall often use the letter i as an abbreviation for 

12. De Moivre's Theorem. Whatever he the value ofn 
positive or negative, integral or fractional, co* na+<y — 1 sin na 
is one of the values of {cos a + ^ - 1 sin a)°» 

I. When 71 is a positive integer. 
Consider the product 

(cos a + ^"^ sin a) X (cos ^ + y^ sin jS). 



DE J^OIVME'S THEOREM. 13 

It is equal to 
cos a , cos p — sin a . sin fi + J —1 (cos a , sin ^ + sin a . CQS JS). 

That is to cos(a + j8) + ^-l sin(a + j8). 

Sin^larly the product 
{cos (a +jS) + J^ sin (a + ^)} x {cos y + ^- 1 sin y} 
is equal to cos (a + )8 + y) + ^ — 1 sin (a + ^ + y). 

Proceeding in this way we obtain that the product of 
any number fh of factors, each of the form cos a + ^- 1 sin a 
is equal to 
cos (a +j8+y + ... w terms) + */^ sin (a+ )8 + y + ... w terms). 

In this result let j8 = y = etc. = 04 and we have that 

(cos a + J — 1 sin a)" ?= cos wa + ^ — 1 sin ruu 

Thus, when w is a positive integer, De Moivre's Theorem 
is true, 

II. When n is a negative integer. 
Let ?i = — w. Then w is a positive integer. And 
(cos a + J^^ sin a)" = (cos a + ^ - 1 sin a)""* 

^ ^ rT> T 1 

(cos a + ^ - 1 sin a)"* cosma + J -I sin ma 

1 cos ma — ^— 1 sin ma 



cos 7»a + V — 1 sin ma cos ma - <y - 1 sin ma 
cos ma - J —l sin ma 



cos' ma + sin* ma 



Therefore (cos a + ,y - 1 sin a)" = cos ma — ^ — 1 sin ma 
= cos (— m) a + y - 1 sin (- m)a = cos Tia + 1^ -1 sin ?ia. 

Thus De Moivre's Theorem is true when n is a negative 
integer. 



U TRIGONOMETRY, 

III. When n is a fraction, positive or negativeir 
Let w = - , where p and q are integers. 

Kow (oosfi + J^ 1 eaiifiiy = cofiqP + tJ — leinqp. 

[By I. and II.] 

Therefore taking the g'* root of both sides 

1 
is one of the values of (cos qP + ^-1 sin S'jS)* , 

or, writing a for gjS, cos - + ,y - 1 sin- 

1 

is one of the values of (cos a + 1^ — 1 sin a)* . 

Therefore f cos - + ,7^ sin - ) , 

that is cos— + J-Y sin — [Bj I.] 

is one of the values of (cos a+^ - 1 sin a)*. 
Thus the theorem is completely established. 



TSXAMPLBfl. VI. 

(1) \iA stand for cos 2a +i sin 2a, and By C, D for similar 
expressions in terms of /S^ 7, d, prove that AB+CD 

= 2cos(a+/3-'y-d){cos(a+/3+y+d) + isin(a+/3+y+d)}. 

(2) With the ndtation of Ex. 1, prove that 

1 _ sin(a-fj3 +y +d)-i0os(a + j3+'y+d) 
AB-CU" 2sin(a+/3-y-d) 

(3) With the same notation, prove that (A-B^^O-B) 

= - 4 sin (a- j8) sin (y-d) {cos (a+j8+y + d) - 1 sin (a+/3+y+d)}. 



EXAMPLES. VI. ^^ 

(4) With the same notation prove that 

_1 C0B(a+i3+y+^)-^sin(a+i3+y+^) 

(A+B){C+D)'' 4cos(a-/3)cos(y-d) 

(5) Prove that cos (d+/3 + y ...) + » sin (a+i3+y+...) 
=cosa. cos j8. cosy ...{(l + itana)(l + itanj8)(l+itan'y) }. 

(6) Prove that — — ^^-^ — '-^-^ = «i — 'a + «* - «4 + etc. 

^ cos o. cos /S. cosy ... * d * 4 

where ^ stands for the sum of tan a + tan fi + tan y -f- etc., s^ stands 
for the sum of the products of these tangents three at a time, 
and so on. 

(7) Prove that tan(a + /3-f y+...)= V'^'"^*'"!^' where «,, 
^,... are defined in Ex. 6. 

(8) Write down the last term of the numerator of the frac- 
tion in Ex. 7, (i) when n is even, (ii) when n is odd. 

13. It is known from the Theory of Equations that 
there are q different values of x, and no more, which satisfy 
the equation u? = a, where a is real or of the form 

We can prove that we may obtain q different values by 
de MoiVre's theorem, and no more. 

14. The expression cos + ,/-^ sin is unaltered if for 
6 we put (0 + 2rir), whei'e r is an integer. 

„ tf + 2r7r I — 1 . 6 + 2r7r 
Hence cos + w - 1 sin , 

which is one of the values of 

1^ 

{cos {0 + 2rT) + 7 - 1 sin (d + 2r7r)}% 
is one of the valuei? of 

{cosO-hJ^smOY. 



1*5 TRIGONOMETRY, 

15, By giving to r tlie vcdtLcs 0, 1, 2 ... q— 1 toe obtain 
q dj^erent vcduea of cos + ^j— 1 sin ; (mdwhai' 

ever integral value we give ta r, we cannot obtain more than 
q (fijff'ei'c^ values. 

P. 




Take a circle, centre and radius OR, Let ROP^^ be 

the ande - . Divide the vhole circumference of the circle 
q 

starting from P^, into q equal a/rcs, P^Pi, P^P^, ^s^8» ®*^- 
Then each of the angles PfiP^, P^OP,, PfiP^, ... etc. Ls 

equal to— ; and in describing the angle ( - + — j, the re- 
volving line, starting from OR, turns first into the position 
OP^ and then on through r of the angles PjOP^, ^x^^a* ®^» 
Hence, whatever integral value r may have, OP must stop 
in one of the q positions OP^^ OP^, OP^, ^tc. and it can 
stop in no other position. 

m, i. XT- • + 2r7r ^ , — . . ^+2r7r 
Therefore the expression cos + ^ — I sin 

cammot have more than q different values. 

Also no two of these ^ positions are equi-sinal and at 
the same time equi-cosinal. 
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Therefore this expression has q differerU values. 

Also by giving to r the values 0, 1, 2, ... (^^ ^ 1), in suc- 
cession, OP will be made to stop in each of the q possible 
positions in -turn. 

Therefore by giving to r the values 0, 1, 2...(5'— 1) in 
succession, we obtain the q different values of the above 
expression, q. e. d. 

1 6, An expression of the form A -^ J - I B, where A and 
£ are arithmetical quantities, can always be put into the form 

r{cosa + ^-l sina}. 
Let A = r cos 04 J5 = r sin o. Then 

A' + B' = r^ (cos'a + sin'a) = r*. and -r- = = tan a ; 

^ A rcosa ' 

whence a and r can always be found, [E. 116.] 

It will be convenient to take r positive : then we must 
take a in that quadrant which makes cos a the same sign 
as -4, [Cf. E. 148, 149.] 

Example 1. Express 1 + mJ^^ in the form r {cos 0+ V^ 'i^ «)• 
Here rBina=l and rcosa=l, .'.7^=2, tana=l. 

1+ V^=n/2 {cos460+V^Bin45«}. 

Example 2. Express ( - a) in the form r (cos a + i «in a). 
Here rcoso=-a, rsino=0, .*. f^=a*t a=(2n+l)ir. 
,«, — a=a{cos {2n+ 1) T+i sin (2w+l) ir}, where n is an integer. 

JBZAMPLES. Vn, 

(1) Express 1-n/^, ^3 + //^, l+^sV^ each in the 
form r(cosa+/y^sina). 

(2) Find all the values of (i) {^j2-^^^2j~^)^, 

(ii) (4/y3 + 4V~i)*, (iii) (V3 + ^/^)*. 

(3) Find all the values of (i) 1*, (ii) 32*, (iii) 27*. 

L, 2 
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17. If we express any arithmetical quantity a in the 
form of a De Moivre*s expression we obtain 

a (cos 2r7r + ^ — 1 sin 2r7r), 

i. e, the product of a by the De Moivre's expression for unity. 
Therefore the n nth roots of any arithmetical quantity a are 
found by multiplying the arithmetical nth root of a by each 
of the n nth roots of unity in succession. 

The nth roots of unity are therefore important, and are 
discussed in the following examples. 

Example 1. Solve the equation jJ^ -1=0, In other words, jlln(2 
all the values of^l, or ^ find the factors oft^-1. 

Since cos 2nr + tJ-1 sin 2nr = 1. 

It follows that a?*=cos2nr+A/-lsin2nr, where r is an integer, 

and therefore x = cob — + J^^ sin — • 

This result is best discussed by means of a figure. 



n even 




nodd 




I. Let n be a whole number. 

2ir 
Let the angle ROP-,= — . On the circumference of the circle 

n 

centre and radius 012, measure off arcs P^P^y -Ps^s* ^^' 6&<^h equal 

to RP-i^, Then since w.iiOPi =2ir, n of these arcs will occupy the 

whole circumference, and OP^ will coincide with OR, Also, if r be a 
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whole number, in describing the angle — the revolving line, starting 

from OB, must stop in one of the positions OPi, OP^, etc. and in no 
other. No two of these positions are both eqoi-sinal and eqoi-oosinal. 

Thus the expression cos — + */ -T sin 

n n 

has n different values, and no more ; and these values can be found 
by giving r in suooession the values 0, 1, 2...n - 1. 

When r = 0, j; = 1 : when n is odd this is the only arithmetical value ; 
when n is even, there are two arithmetical values ; for let n=2m, then 
whenr=9f», x= -1. 

In any case, the angles JtOPi and BOP^^i are equi-oosinal, and 
sin BOPi= - sin ROP^^^. The same thing is true of BOP^, ROP^-^, 
and of jROPj, ROP^^^, and so on. 

Hence x-cos w-lsm — ,and«-oos — + v-lsm — , 

n ^ n n ^ n 

are factors of x" - 1. Their product is 

(2t\« . -2>r . o « 2t , 
X - cos — ) + sm^ — , I.e. ar - 2« cos — +1. 
n J n n 

Hence we obtain that m being a whole number 

aj*~-l=(x?-l)(ara-2«cos|^+l'\ (x^-'2xQo^^+l\.„m quad- 
ratic factors, 

»--»-l={»-l)(^-2xcos^+l)(«.-2,ooS5iL^+l):.. 

m quadratic factors. 

[Note. Let a=oos — -^-J'^tm-^i 

then cos + v/ - 1 sm — = a^ 

n n 

Therefore the roots of the equation a^ - 1=0 are 1, o, o', o'... a*~^] 

n. TVhen n is a fraction in its lowest terms = - . Then x^ - 1 = 0, 

or ^-l9=0, or 0^-1=0. This is the same as the case already 

discussed. 

9 9 
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UL When n is incommensarable (e.g. ^^2). Then as before 



ae=co8 



2nr 



2nr 



n 



/ — T • **« 



n 



2rT 



In this case, r being an integer and n incommensurable, can 



n 



never be an exact multiple of 2ir. The angles will therefore not 
recur geometrically and the equation will have one arithmetical root, 
viz. 1, and an unlimited number of symbolical roots. 

EXAMPLES. Vm. 

(1) Find the roots of the equation ^ - 1 =0. 

(2) Find the quadratic factors oi afi-l, 

(3) Write down the quadratic factors of o;^-- 1. 

(4) Solye the equation ^—1=0. 

(5) Give the general quadratic factor of ^ - a^, 

(6) Find all the values of J5^r. 

Example 2. To find the Quadratic factors of x» + 1 = 0. 

T + 2rT . . T+2rir 



Here 



a;=cos 



n 



+tsm 



n 



n even 




n odd 



R ^.+1 




V 2ir 

In the figure ROP^=- , PqOP^=^ — , and n angles each equal to 

PfftPi make up 2ir; OR bisects P^OP^^^, Also ROP^^ and i20P^_i 
are equi-cosinal, while sin i2 OPq =— sin i20P,^i, the same relation 
holds good for any two angles equi-distant from OR^ 
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7r-t-2rir\ 



V 



/ ir+2nr . . T + 2nr\ , / ir-|-2rT . . 
. •. { a; - cos 1 sin ) , and ( x - cos -f £ sin 

are factors of aj»+ 1, 

Therefore their product viz. (a:^-2x cos + 1 j 

is the form of the general quadratic factor of 0?*^+ 1. 

When n is even and =2m there are m such factors. 

When n is odd and =2m + l there are m such factors; the 
remaining factor is j;+l, as is clear from the figure. 



EXAMPLES. IX. 

(1) Find the roots of the equation .a;* + 1=0, and write down 
the quadratic factors of a?* + 1. 

(2) Write down the quadratic factors of ^ + 1. 

(3) Write down the general quadratic factor of ^ + 1 = 0. 

(4) Find all the values of 4/^. (5) Find the factors ^^H 1. 
(6) Find a general expression for all the values of ^ - 1. 



» MISCELLANEOUS EXAMPLES. X. 

(1) Prove that 

sin (ai + os + 03 . . . w terms) = SiC^-i - s^^-z + *6^«-6 " ^^'9 

where s^c^,^ stands for the sum of the products of the sines 
taken r together each multiplied by the product of the remaining 
n-r cosines. 

(2) With the notation of Ex. 1, prove that 
cos(ai+a2+a3 ...71 terms)=c„ — c„-^s«2 + ^»-4*4~®^' 

(3) Write down the expansion of 
sin(a+i8+y+5 + 6) and of cos(a+/3+y+d+6). 
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torinn 



cos ;;; H l BUI ;;; J the YaluOS 0, 1, 2, 3 ... (j'- 1) 



(4) Prove that in the series of expressions formed by giving 

H 1 sin * 

in succession, the product of any two equidistant from the 
beginning and the end is constant. 

u 

(5) One value of (^/3 + V^)'" is - 2^ (/^ + 1), 

(6) From the identity 

( j?-6 )(j?-c) {x-&j{x-ci) (^ - a) (^ - 6) _ 
'(a^h)(p^c) ■*■ (6 - c) (6 - a) "^ (c-a)(c-6) "" ' 

deduce by assuming or— cos 2^+ 1 sin 2^, and corresponding as- 
sumptions for a, h and c that -r— 7 — ^; . \ — ^ sin 2 (^-a)+ 
^ ' sm(o-j8)sin(o-'y) ^ ' 

two similar expressions— 0. 

(7) Prove that the n nth roots of unity form a series in o. p. 



CHAPTER III. 

Besults of De Moivre's Theobem. 

18, We proceed to deduce many important results from 
De Moivre's Theorem. 

We shall generally in this chapter write i for ^-1, 
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19, By Art. 12, when n is an integer we have 

QOsnO + i smnO= (cos 6 -hi^nOy; 

Expand the right-hand side of this identity by the 
binomial theorem, remembering that i'^-^l and that 
1^ = + 1. Equate the real part of the result to cos nO, This 
gives us 

cos nO = cos"d ^-m — ' cos'^'tf . sin'tf 



^n(n-^l)(n^2)(^-3)^^„,^^ sin^tf ^ etc. 

II // 

Equate the imaginary part to t sin nO, This gives us 

sinng^ncos'-^g, sin g- ^ (^•- ^) (^- ^) cos"-'g. sin'g 

20. In the above 7i is a positive integer, and the last 
terms in the series for cos nO and for sin n$ will be different 
according as 9% is even or odd. 

TIX/VTVTPT.rA XI. 

Prove the following statements : 

(1) sin4g=:4cos3g.sing— 4oosg. sinSg, 

(2) cos4g=cos*g-6cos2g.8m*g+ sin*g. 

(3) The last term in the expansion of cos lOg is - sin^^g. 

(4) The last term in the expansion of sin 12g is 

-12cosg.sin"g, 

(5) When n is even the last tenn in the expansion of cos n$ is 

(-l)«'sin»g. 

(6) When n is odd the last term in the expansion of cos nO is 

w-l 

(-1)« ncosg.sin*-ig. 
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Exponential VktuEs of Sine and Cosine. ^ 

21. By De Moivre's Theorem, when n is any commen- 
surable number, and x any angle, 

(cos nx + i sin nx) is a value of (cos x-hi sin a;)". 
For* X put the unit of angular measurement , then 

(cos n + 1 sin n) is a value of (cos l+i sin 1)". 
Let k stand for (cos 1 + tsin 1), then 

(cos n + i sin w) is a value of X-", 
where A; is independent of n. 

Whatever other values (cos 1 +tsin 1)" may have, in 
what follows we shall only use the value (cos w + 1 sin n). 

22. This important result is a Symbolical statement of 
the fact that ezpressions of the fonxi cosn + tsinn axe 
combined by the laws of indices. 

23. Let the unit of angle be a radian. [E. 69.] 
Then since cos tf + 1 sin ^ = A:*, . [Art. 21.] 

and consequently cos — iain6 = Ir^f 
where k is independent of ^, 
.-. 2ism0 = k^-k-»l 

= 2 |^log.^+ -i- ^'(log^)' + etc. I . [Art. 3.] 
Hence i — ^- = log^ + to- ^' (log^)* + etc. 

= log.^ + ^'.i?; 

where B is finite for all values of 6 (since sin is always less 
than By and .*. log^ is finite). 

Let 6 be infinitely diminished. Then, since $ is the 

• /\ 

circular measure of the angle, the limit of —^ is 1 . [E. 290.] 
Also the limit of the right-hand sidd is log,^. 
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Henco i = log^h, - • 

or, k - e \ 

Therefore, when is the circular meaBure of the anglej 

cos e + J'^ sin e = e'^^^ 

24. Since pos ^ + ^* sin tf = e^ and cos 6 — i sin 6 = e""* ; 

/. 2costf = 6^ + 6"^; and 2t sin tf = e^ - e"^. 

Hence ^r and : — 

2 2i 

» 

are exponential values of the cosine and sine respectively, 
when the angle ie expressed in circular measure, * 

These results may be applied to prove any general 
formula in Elementairy Trigonometry* 

T^ -n ^171 2a 

Example. Prove -^ ^=tana, 

1 + COS 2a 

2i sin 2tt _ e2fa-g-2fa ^ (gfe+g-fo) (gift _ g-taj 

2 + 2co8 2(i'~2 + e^<*+e-2**" {e^-k-e-^^ 

gia-grta 2tBino .^ 

= -^ ;- = =:ttana. q.e.d. 

«•*+«-»* 2 COB a 

EXAMPLES. Zn. 

Use the exponential values of th^ sine and cosine to prove the 
following: (1) cos^a+sin^a^l. (2) cos2a=cos*a-sin2a. 

(3) sin^=-sin(-^). (4) cos ^=cos(-^). 

(5) cos (a+jS) . cos (a - j8)=cos2o -- sin^ /3=cos2j8 - sin* a. 

(6) cos3^=4cQs3^-3cos^. (7) sin3^=3sin^-4sin3^. 

(8) 2 cos wa. cos a=cos (n+ 1) a+cos (n - 1) a. 

(9) 2sin7ia(-l)22sin2a 

=2 sin (n + 2) a— 4 sin ?ia+2 sin (n - 2) a. 

(10) 2cos7ia(-l)22sin2a 

= 2 cos (n + 2) a - 4 cos wa +2 cos {n - 2) a. 
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25. The results 

2 cos e = e^ + r^ 2* sin fl = e** - e"^ 
may be used to simplify expressions containing ^ — 1. 

Example 1, Reduce cob (a + i/3) to the form A + iB. 
2 cos (o+t/3) =tf**-^4-«-»*+^=«~^ . e**+e^ . e-'« 

=€^^ (co8 o+t isin a) + «^ (ooa a- 1 am a) 
= COS a («^ + e""^) - i Bin o («^ - e""^. 

This is in the required form. 

Example 2, Ea^esa log (a + ib) in the form A + iB. 
Let a+t&sr(cosa+t8ina). 

Then (Art. 16), r«5sa>+6«, tana=^. 

Thus, log(a+i6)=log{r(coso+tsina)}=logr+loge** 

=log r+to= J log (a*+6')+i tan"i - . 

This is in the required form. 

Example 3, Reduce (a + ib)"+*^ to the form A + iB. 

Let a+t6=r(oos7+tsin7). 

Then H=a'+6«, tany =-. 

a 

And (a + 16)*+*^ = ?^+«^ . e*y<»+^ 

=f*.€-^.«*Pl<«^.tf«V* [Forr=«l<«r] 
sr^e"^^ . e*081ogr+oy) 

=r«e"~^ {cos (/31ogr + tt7) + 1 sin (filogr+ay)}. 
This is in the required form. 
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EXAMPLES. Zm. 

Prove the following statements ; 

(1) cos(a+ii3)+*sin(o + ti8)=e-/»(cosa + tsina). 

(2) 2sin(o+tj9)=(e^ + e-^)Bina + i(«<8-c-/5)cosa. 

(3) cos(a + ^i5)-^sin(o+ti9)=e^(cosa-^sina). 

(4) 4cos(a + r)3).cos(o-ij3)=6^ + e"^ + 2cos2a. 

(5) 4sm(a+t3).cos(a-i)3)=2sin2a+t(e^-e-^). 

(7) tan(a+rg)=^r^°+^'(^"^'^) 

V ; \,a-r^p; eSSP + 2 cos 2o + e-2^ ' 

(8) (V^)V-l=rf. 

(9) Express aP^** in the form A + iB. 

(10) Express (a + tby in the form A + iB. 

(11) log?^^«2ttan-i^. 

(12) log«i(£±l^=2itan-i|cotx^:^. 
^ ' "Bin^x-tif) \ <f+e-»i 

(13) log?2^i£Z^) = 2,-ten-iitan*^:^. 
^ ' ®cos(.r+t3^) I e^'+e-*/ 

(14) logsin3(^+iy) 

=log (e2«' - 2 cos 2^ + er'^) - 2i tan-i jcot x ^^^^l . 

(15) Iogcos2(o+ti8) 

=log(^ + 2cos2a+a"^'')-2itan-i|tana?^^li:^l . 

(16) a-^' -a®^"*'^ {cos (sin 450 log a) + 1 sin (sin 450 log a)}. 

(17) Express av < in the form A+iB. 

(18) Express (a +t6+c*y*'*"^ in the form ul+tj?. 
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26. Since 

B^ i&^ B^ 
COB tf + 1 sin fl = e** = 1 + tS - 1^ — -To + ii + etc., 

[^ l£ li 

we obtain by equating the real and imaginary parts 

sm^ = ^-n7+T-- etc. 

[3 \b 

» 

These results are very important. 

In the next chapter will he found a proof independent of v-1 
and a collection of examples. 

e^ IS A Periodic Function. 

27. costf and sin^, and therefore also cos ^ + i sin©, 
repeat their values every time ft is increased by 27r. There- 
fore e^ also repeats its values every time 6 is increased by 27r. 

When a function of 6 repeats every possible value in 
exactly the same order each time 6 is increased by a certain 
vadue A, it is said to be periodic, and \ is called its period. 

If we are given a particular value of such a function 
of tf, we can find an unlimited number of values for 6 (eacli 
of the form a + n\, where n is a whole number,) for each of 
which this function will have that given value. 

AI90, as 6 changes from to 27r, none of the values of c*** 
are repeated. In other words, there are no two values of 6 
in tlie same period for which e«^ has equal values. 

Example, Given that tan 9= a, and that a is one angle whose 
tangent is a, then we know that ^ = a + nir, where n is a whole number. 
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28. Henoe, if e<* = e^, we know that and a differ by 
some multiple of 2w, i,e, that 6 = a + 2mr, where n is a whole 
number, and the yalue of n cannot be decided without some 
further datum. 

Example, Since 2i sin ^ = e** - «""*^, and sin tt = 0, 

therefore e^^—e^^'sO or «*"'=«""**'. 

This means that v and - t are two valnes of $ for which the periodic 
function e^^ has the same value. And since the period is 2ir, w and 
» TT should differ by 2nr. In this case n is clearly 1. 

29. The same thing may be stated thus: 
since cos a + i sin a = cos (a + 2r7r) + i sin (a + 2rir)y 

Therefore e^^^ = 1 (as is also evident since 

cos 2r7r + i sin 2r7r =1). 

Hence imity has one real logarithm, viz. 0, and also 
an nnlimited number of symbolical logarithms each equal to 
2ir2r, where r is some integer. 

30. Again, a = ax 1 =a x e^'^ = 6^°8'*+2inr. 

Hence every real quantity a has one arithmetical 
logarithm, and also an unlimited number of symbolical 
logarithms, which differ by 2ir7r, where r is an integer. 

These symbolical logarithms do not interfere in any yr^y with 
4ihe theory of arithmetical logs explained in Chapter 1. 

Example. Prove that the equation sin $=0 has no symbolical roots. 
Suppose that sin {a+^~ip) =0 then 

,', 2ttt-2/3=2inr; y. p=0; which proves the proposition. 
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P.yAM?TiTO. XIV. 

(1) Point out the fellacy in the following : 
Since 2 sin Zn^e^-e"^ and sin37r=0 ; 

.-. e'3''=e-^'; ... e^»''=:i; .-.6^=0. 

(2) Expose the fallacy in the following : 
Let a be any angle, then since 

cos(a-ir)+isin(a-ir)=cos(a + ir) + isin(o+w) ; 

(3) Prove that the equation cos ^=0 has no symbolical roots. 



To EXPAND TAN'^a; IN TERMS OF X. 

31. Since 2 cos a = e*» + e~**, and 2* sin a = e** - « ~»*, 

.1 i. .X 2isina e*«-e"»* tl ^ csa-x 

therefore * tan a = -^ = —. j- : lArt, 24. 

2 cos a e»* + e"»* *■ -* 

1 + 1 tan a 26** 
1-itana 2e-<* ' 

.-. log|^^4?^^ = log68*« = 2io + 2iiMr. [Ai-t. 28.1 
^ 1 -itana ° *• -■ 

Hence, expanding the left-hand side by Art. .5, we Lave 
2m + 2 inir = 2 {i tan a + ^ (* tan a)* + ^ (i tan a)* + etc. } 
or o-4'W7r = tana — ^tan'o + -ytan*a— etc. 

This series is convergent if tan a is equal to or less than 
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unity. It is therefore arithmetically intelligible and true, pro- 
vided a lies between - -r and -r , or between —r- and -r- , 

4 4 4 4 



Qt 




and so on \i,e, provided OP stops within the right angle 
QfiQ^ or within the right angle QfiQ^ in the figure]. 

32. When a lies between — \v and ^tt, the value of n 
is 0. For 71 is an integer (or zero), while the value of ir is 
known to be greater than 3 [E. 37], and as a varies from 
— J^r to Jtt the numerical value of the series 

tan a — (^tan^a- 1^ tan'a) — (-J- tan^a — |^ tan'a) — ... 

is always less than tana, and therefore less than 1. 

Hence, when a lies between — ^tt and Jtt, we have 



a 



= tana — i tan* a + i tan* a — ... 



7 •«*" "--T-T 



This result is called Gregory's Series. 

Similarly we can prove that when a lies between fw 
and fir, a — 7r = tana-^tan'a + |^tan*a... 

and so on. 

33. In this result put a = 7 , and we obtain 

34. The series l-^ + 3^-y + etc. is very slowly con- 
vergent; we shall therefore show how series which are more 
rapidly convergent may be obtained from Gregory's Series. 
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35. Euler's Series. 

1 + 1 ^ 

Since tan"' J + tan"' ^ ?= tan"* ^1^ = *^"' ^ =1 • 

Let o = tan"' J, or tan a = J, 
and a = tana — ^tan'a-i- jtan*a — etc., [Art. 31.] 

Let j8 = tan~'J, then 

P-^l-i'ls-^i'^.-^^'y [Art. 31.] 

and Jtt = a + j8 = the sum of these two series. 

36. Machin's Series. 

Since 2 tan"' ^ = tan"' -j^ and 2 tan"' -^ = tan"' -Jf^, 
.-. 4 tan"' ^ - tan"' ^^ = ^ir. 
-«. r 1 _ 1 ^ 



Hence 



-{i^'i'^^^i'^'^^'}' [Art. 31.] 

EXAMPLES. XV. 

(1) Prove that| = ^{l-i.J+i.i-^.i + etc.J. 

(2) Prove that 4tan-i^=tan~^ffy . Hence prove that if 

iir=4tan-i^-a7, then a=^. 

(3) Prove that ^ = r— ^ + r-= +5 — ^r +etc. ; hence calcu- 

late the value of tt to 2 decimal places. 

(4) Calculate the value of ir to 3 decimal places by the aid of 
Euler's series. 

(5) Calculate the yalue of tt to 3 decimal places by the aid of 
Machin's series. 

(6) Prove that iir=2 tan-i J + tan-^ }. 
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37» Let cos$-^iem6==Xf 

1 

then costf-isintf = -=«"', [Art. 12.] 

•1/ 

and 2 cos fl = 05 + a:"*, 2isinfl = aj— a?"', 

[It shonld be observed that in the equation 2 qob6=x+x-\ either 
:e or ^ most be symbolical. For if ^ be real 2 cos is less than 2. If x 

be real a;+ o;"^ is numerically greater than 2. x of course stands for e*^,] 

Also, a^ =5 (cos $ + ismOy = cos nd + 1 sin »tf, [Art, 12.] 
x~* = (cos + 1 sill tf)"" = cos ?i^ — t sin ntf. 
.•. 2 cos nO^^ocT + as"", and 2i sin Titf =«• — «"". 
Hence (2 cos tf)" = (a + a;"')" 

= ixr + n. a""' + ,~ ' a""* + etc. + naj""^""'^ + a"" 

If 

= (a- + «-) + n (a:"-" + «-^-«) + ^^i^^z}) (^'* + ^.-c-^) + etc. 

= 2coswfl + w.2cos(w-2)fl + ^^-^^^^^ 

Also (2* sin ^" = (« - «"*)". 

First let n be even. Then the expansion of {x - a"*)" is 

aj- + aj- - n (a^-» + «"<"-«) + ""^""^^^ («""* + aj'^-*^) - etc. 

.^ (2i8ine)"=2 cos «e - w 2 cos(7i- 2) tf +^^^1^^ 

-etc. 
Next let n he odd. Then the expansion of (a;- a"*)* is 

ar - a:- - w (aT^ - «-<-«>) + H^^tzll {^-^ « aj-^-*>) - etc. 

.-. (2isinfl)- = 2isinne-w.2isin(»~2)tf 

^w>-l)2tsin(n-4)fl-etc. 

L. 3 
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Whence dividing by i and putting i* = - 1 we have 

n-l 

(-1)" 2"sin"tf=2Bin»tf-w.2Bin(w-2)tf-etc. 

It must be noticed that when the last term is indepen- 
dent of $, the factor 2 is omitted. 

EXAM?T,r,8. XVL 

Prove that 

(1) 128 cos8^=cos 8^+8 cos 6^ + 28 cos 4^ + 66 cos 2^+35. 

(2) 64cos^ ^=cos 76+7 cos 5^+21 cos 3^+35 cos 3. 

(3) 64sin^^=sin7^-7sin6^+21sin3^-36sin^. 

(4) 512 sinW^= cos 10^ -10 cos 8^ +45 cos 6^ -120 cos 4^ 

+210 cos 2^ -126. 

38. To resolve x" — 2x" coa ntf + 1 into factors^ when n ia 
a whole number. 

Since a;*" — 2rc" cos nfl + 1 = (re" — cos nOy + sin* n9 
= {(oj" - cos »tf) + i sin w6} {(oj" - cos n6) - 1 sin nO} 
= {xr — (cos w^ — t sin n6)} {xT — (cos wfl + i sin w^)} 
= {«" - (cos tf - i sin ey} {«" - (cos 5 + 1 sin tf)"}, 

therefore a; — (cos tf — t sin ^) and x — (cos 9 + ism0) are 
factors of a*" - 2oif cos wtf + 1. 
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Therefore also their product, i.e. as" — 2a; cos + 1, is a 
factor of a5'"-2a;"cos7itf+l. 

And since cos nO is unaltered if for we write $ + — 

n 

(2rTr\ 
+ — I + 1 is also a factor. 



n / 

In the above figure let ROP^ = 0y and let the whole 
circumference, starting from P^, be divided into n equal 
arcs PJP^ , PyP^ . . . P„_i Po- Hence, whatever be the integral 

value of r, the angle 6 + is represented by one of the 

angles ROP^, ROP^, etc. 

Hence in general there are n different values and no 

more of cos f + ] . 

[The exceptions are (i) when one of the points P,. coincides with JR, 
(ii) when JR UsecU one of the arcs Py,F^^'y i,e. (i) when n0=2rv, 
(ii) when n^= (2r + 1) ^y and in these cases os^ - 2x* cos n$+l reduces 
(i) to the form {a^ - 1)^=0, (ii) to the form (aj*+ 1)«=0 ; the factors of 
these forms have been discussed on pp. 18, 19.] 

And the n different values are found by giving to r 
the values 0, 1, 2 ... (w- 1) in succession. 

Hence the n quadratic factors of a*" — 2x* cos nO + 1 are 
(a^-2aj costf + 1) [aj*- 2a:cos ^tf + -^j+ ij X ... 

X !»» - 2a? cos r 5 + ^^~- 27rJ + lj. 

EXAMPLES. ZVn. 

Solve the following equations : 

(1) afi-2a^coseOf^ + l==0. (2) x^^-2sfiooaW + l^0. 

(3) a?"-2^cosS7r+l=0. (4) ^0+^3^ + 1=0. 

(5) Write down the factors of ;c*» - 2:f» y" cos a + y**. 

3^2 
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^MISCELLANEOUS EXAMPLES. XYJU. 

(1) Prove that if cos 6 and sin be defined by the equations 

2cos^=a*+a~*, 2isin^=<3p*-a~*, then sin^ and cos^ satisfy 
the fundamental conditions 

cos2^ + sin2^=l, cos^=cos(-^), sin^= -sin(-^)•. 
(2) Prove that if a degree is the unit of angular measure- 
ment 2 cosx—]if+kr* where k^^^e\ 

(3) Assuming De Moivre's theorem, prove that 

^"""°-^^-"^"°> =log.fc+g aog A)'+etc.. 

where it = COS 1* + 1 sin 1^ = 6i®<^ , 

(4) Prove that if two right angles be taken as the unit of 
angle, the exponential values of cos a? and sin x are J (6*'*+er***) 
and -it(e*'*-e-*"^. 

• (5) Assuming that e**^=l where r is an integer, prove that 
6*^ is a periodic function of 0, 

(6) Assuming that e^ is a periodic function of 0, and that 
the period is 27r, prove that ^***=1 where r is an integer, 

(7) Prove that (i6 + c*)* = r* (cos a^ + 1 sin a0) where 

r2=l + 62+26 sin log c, tan^=^i^i5Ll2£f ^ 

° coslogc 

(8) If log(l+cos2^+ iBhi20)=A+tB, theu 

ul=log2 + log(cos^). 

(9) Prove that 

e» -2costf+e-* =4sinJ(^+W7)sin J(^-m?). 

(10) If cos-i (a + 2)3) = ^ + 1:5, prove that 



co^l^'finM" ' ^ (e^ +e-P)2 "^ (e/5 - e-P)*""*' 
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(11) ProTethatlog.(-l)=i(2n + l)ir. 

(12) Prove that 

log(a?+ty)=ilog(a^+y*) + itan-i2 . 
Hence prove that 

tan-^z— ;:=a?sm ^ - -^r sin 2^ + — sin 3^ + 

1+^cos^ 2 3 



(13) If <l> (a) is such a function of a that 

*(a)x*0)=*(o+i3) 

for all values of a and p, prove that <l>{a)={tl>{l)}^ for all rational 
values of a. Show that cosa+isina is a form of ^(a) which 
satisfies the preceding equation, and deduce De Moivre's theorem. 

(14) Prove that 

tan-* (cos o + i sin o)= (n + J) IT + 1 log (tan Ja). 

(15) Prove that 



IT 



^ =4 tan-i i - tan-i 7V+ tan-i ^, 

and apply the result to find the value of «■ to 5 places of 
decimals: 

(16) Find the number of radians in the least angle whose 
tangent is ^ ; also the number of degrees in the least angle 
whose tangent is 10. 

(17) Prove that the general value of e^ is 

cos (l+2nr)^ + tsin (1 + 2nr)^ 
where r is an integer. 

(18) Defimng cos ^ as the real part and t sin ^ as the imaginary 

part of e**, prove 

cos^=cos(-^), sin^=-sin(-^), sin(^+0) 

s= sin ^ cos ^ + cos ^ sin ^. 



( 38 ) 



CHAPTER IV. 

Proofs without the use of J -1* 

39. In this Chapter we shall give proofs of most of 
the preceding results bj methods which do not involve the 

useof<y— 1. 

The student must not on this account suppose that the 

validity of results obtained by the aid of J - 1 is doubtful. 
We shall make some remarks on this point later on. 

40. To prove, when nis a positive integer, 

n(n-l) ,_, . , 
cos na = cos a ^ — ^ cos * a. sm'a 

+ ^v^" H^" n^- ; cos"~*a . sin*a - etc., 

1. J. O. 4: ' 

and 

•-1 • n(n-l)(n''2) ,_. . , 
smna=n cos 'a . sin a ^—^j — ^-^-s cos ' a . sm' a 

+ — 1 o i A g -cos" *a.sin*a-etc. 

1.2.3.4.0 
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• 

These formulse may be proved by inductioii, thus : Assuming 
that the above statements are true for a certain value of n, 
we can prove that they must also be true when n + 1 is 
written for n. 

• Since cos (n + 1) a = cos na . cos a — sin na . sin a [E. 154.] ; 
in this, substitute for cos na and sin na those values given 
above, and we obtain 

cos (w + 1) a = cos"** a — < V o. "^^f <50s"~* « • sin'a 

■*^1 1.2.3.4 

+ 12 3 ^[cos" '.sinV-etc. 

The coeffioient of oos*~'o. sin'^'o is 
. ,xT^ fn(n-l) ...(n-r+1) (n-r) n{n-l)...{n-r + l) \ 

Therefore cos {n +1) a = cos""*"* a - ^^ — jy^ cos""* a . sin'a 
+ (^+l)M>^-l)(«-2) eos-asin'a- etc. 

A similar result will hold good for sin(n+ 1) eu 

Thus, if the formulse are true when n is any whole 
number, they are true when n+1 ia substituted for n ; 

But they are true when w = 1 and when w = 2 ; 
Therefore they are true when n is any whole number. 
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^8 iQi A0 

41. To prove cos$=1-y^ + rj— -rF+ ^^9 

[2 ^ [6 

ana 8m^ = ^ — TQ+T^-pr + etc. 

[3 [5 |7 

In the formula 

^ w(w-l) ^_, . , 
cos na = cos a \ — 5— ^ cos a . sin'o 

1 • J • o . 4 
write for no, and let n be increased without limit while 

$ 
remains unchanged. Then since a=-, a must be diminished 

without limit. We may write the above in the following 
form, 

cos(? = (cos-)--^(cos-) (^) 

. ^(^-)(^-y(^-3a) / ^y- /sin_ay _ ^^^ 
1.2.3.4: \ n/ \ a / 

/ 0\' 
When n is infinitely increased, the limit of f cos-j is 1, 

since r is not greater than n ; [Art. 9.] 

the limit of 0(0-'^)«>-2a)-.«'-^a) i, p [^. 83 . 



(sin-\ 
—TT' 1 18 1, sii 



and the limit of | ^— j is 1, since r is not greater than n. 

n 

[Art 10.] 

Therefore, by proceeding to the limit, we obtain 

. . ff" 0* 0" ^ 
cos ^ = 1-.^ + rj - |-^ + etc. 

^ il I? 



EXPANSION OF am a IN POWERS OP a. 4l 

Similarly, the expansion for sin na maj be written 

•/»/)/ ^V"7sina\ 
sin^ = ^, f cos- j ( j 

By proceeding to the limit, we obtain as before 

• /I /I ^ ^ , 
sm ^ = ^ - po + 1-^ - etc. 

If l£ 

42. In the result sin a = a — nr + r^ — ,1=- + etc. the series 

[3 ^ [7 

is convergent for o/^ values of a. 

a' 
[For the ratio of any term to the preceding is — ; — -^. ; and what- 

ever be the valne of a, by taking n large enongh this fraction can be 
made less than some quantity which is itself less than unity.] 

In the proof of Art. 41 no limit was put upon the value 
of the angle. Therefore the result is arithmeticallj intelli- 
gible and true for all values of a. 

Therefore the series « - iir + Fk ~ ly "*" ^^'f "'^^ich is equal 
to sin a for all values of a, must be periodic. [Art. 27.] 

43. A series in ascending powers of a quantity (a) is 
chiefly useful when a is small, for the smaller the quantity a, 
the greater is the relative importance of the earlier terms of 
the series. Also, the sine (and the cosine) of an angle of 
any magnitude may be expressed in terms of the sine or 
cosine of some angle less than ^tt. 

Hence, the above series are never used in numerical 
calculations except for values of a less than ^tt. 
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44. "We have 

/a* a"\ /a^ a'\ 

Each of the above brackets is positive (provided a' is not 
greater than 6 and therefore, a fortiori, if a is less than 1). 
Therefore sin a is less than a and greater than a - 1^^ 

Again 

(sin a - a) is negative and = - \a* + (a positive quantity), 

sin a - (a - Ja") is positive and = yytt** "" (* positive quantity). 
Therefore the difference between a and sin a is less than 
^° ; the difference between sin a and a — ^' is less than 

Example. If a=^ (of a radian), the difference between a and 
sin a is less than ^.10~^, t.«. less than a six-hundredth part of a. 
The difference between sin a and a - ^a' is less than yj^ x 10~'^ which 
is less than a millionth part of a. 

45. The following results may be proved in a similar 
manner. 

The difference between 1 and cos a is less than |a', 

coso and^(l — Ja") ^a*. 

Example. Find the limiting value of ^ when a is infinitely 

^ '^ 1- cos na •' * 

diminished. 

For sin ma, write ma - Ryo^ ; for cos na^ write 1 - J n'a' + R^aK We 
kaow that Ri is less than \m^ and that R^ is less than i^n\ Then 

sin* m^i _ (ma - i^ja')* _ ("» - -Ki*')* . 
1-cosna "" JnV-i2^ "" \n^-R^a* ' 

hence, when a is infinitely diminished the required limit is — =- • 

Vr 
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EXAMPLES. XIX. 

(1) Prove that when a is not large, the difference between 

(2) Prove that when a is not large, the difference between 
{l-ia^+^ o*) and cos a is less than yj^ a*. 

(3) Prove that sm — = -099833. 

tr 

(4) Prove that the value of sin V coincides with that of 
the circular measure of 1^ at least as far as five places of 
decimals. 

(5) Solve the equation sin (iir+^)='71, neglecting ^ and 
higher powers of 0. 

(6) Given that sin 1'= '0002909, calculate approximately the 
value of tr. 

(7) Given ?^ = igj}, prove d=4» 24' nearly. 

/«\ -o- J XI- 1 - sih^w^-sin^^ !.>,/> 

(8) Fmd the value of — -z — when ^=0. 

^ ' 1 - COBpO 

/r»\ 13^ 1 X sin^Vwiri^-sinwi^.sinn^ i. >i /x 

(9) Evaluate -yz ^r-r^ ^^r— when ^=0. 

^ ' {I - COS mB ) {I- cos nd) 

(10) Find the limit of ^{^ + ^-^1 2I when B is 

infinitely diminished. 

(11) Prove that (eight times the chord of half a small circular 
arc minus the chord of the whole arc) divided by three, is equal 
to the length of the arc, nearly. 

(12) Prove by induction 



l_?!l|^)tau»tf+ 



^2 ^3 

(13) sin (^+A)=sin 6+h cos ^--j^ sin ^- -7^ cos ^+etc. 

11 
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Expansion op (2 cos a)" and op (2 sin a)". 
46. The following notation will be found conyenient. 

Def. cosh X stands for — ^ — and silJl x for ^ • 

cosh X and sinh x are abbreviations respectively for the 
words hyperbolic cosine of x and hyperbolic sine of x, 

"We shall use the notation cosh'a; for (cosh a?)', etc. 



EXAMPLES. tX. 

Prove the following statements : [Compare Examples XII.] 

(1) cosh^ X - sinh^ x^ 1. 

(2) cosh 2d7 = oosh^ x + sinh^ ^« 2 cosh^j? -1 = 1 + 2 sinh' x* 

(3) cosh3a?=4cosh3d7-3cosh^. (4) cosh ^ = cosh (-^). 
(5) sinh 3:17= 3 sinh a? + 4 sinh^ x, (6) sinh x= - sinh ( - x\ 

(7) cosh (a? 4-y) • cosh (^ - y) = cosh' x + sinh' y 

= cosh'y + sinh' x. 

(8) 2 cosh wo? . cosh a^scosh (w+ 1) a? + cosh (n - 1) x, 

(9) 2 sinh 7ix , 2' sinh' a?= 2 sinh (n + 2) a? - 4 sinh ?m; 

+ 2 sinh (n - 2) x. 

(10) 2 cosh 7107. 2' sinh' ^=2 cosh (n + 2)^- 4 cosh wo? 

+ 2 cosh (n- 2)^. 

(11) coshn^-cosna=2cosh(n-l)^{cosha?-cosa} 
+2cosa{cosh(w - l)^-cos(n- l)a} - {cosh(w - 2)a?-cos(« - 2)a}. 

47. jTo provCy when nis a positive integer, that 2" co« "a 
can be expressed in terms of cos no, cos {n - 2) a, etc. ; tluU 
2" co«A 'x can he expressed in terms of cosh nx, cosh (n — 2) x, 
etc. ; and thai the two expressions are the same inform. 
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We have, when n is a positiye integer, 
2 cos Tia . 2 cos a = 2 cos (w + 1 ) a + 2 cos (w - 1 ) a. 1. 
2 cosh 72a; . 2 cosh x-2 cosh (w + 1) a; + 2 cosh (n - 1) x, II. 
In I. put n=ly and we obtain 

2*cos*a = 2co8 2a+2. 
Multiply each side of the result by 2 cos a, then 

2° cos^ a = 2 cos 2a • 2 cos a + 4 cos cu 
But by I. 2 cos 2a. 2 cos a= 2 cos 3a + 2 cos a, 
hence 2' cos' a = 2 cos 3a + 6 cos a. 

Multiplying each side of this result by 2 cos a, and again 
making use of I., we have 

2* cos* a = 2 cos 4a + 8 cos 2a + 6. 

By multiplying each side of this result by 2 cos a, and 
making use of I. on the right-hand side, we can obtain an 
expression for 2" cos" a in the required form. And so on. 

By continuing this process we could obtain an expression 
in the required form for 2" cos" a where n is any positive 
integer. 

Again, by making use of II. in the same manner we could 
obtain an expression in the required form for 2" cosh" x. 

Also, since the process is tlie same in eacJi case, the two 
resulting expressions are the sa^ne in form, 

48. The expansion of 2" cosh"aj can be found as follows: 

2- cosh"aj-= («• + e"y = e"' + e""* + w (e^-'^" + e"^""*^} + etc. 

= 2 cosh nx + n.2 cosh {n-2)x 

w(7i— 1)- , , ^. 
-f ' ^ ^ 2 cosh (n-4)aj + etc. 

Therefore also by Art. 47 

W 1 7l~- 1 1 

2"co8"a=2coswa+w. 2cos(7i-2)o+— ^ — s" 2 cos(7i— 4)o + etc. 

J. » J 
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As in Art. 37, when n is even, the last term does not 
contain cosh x, and in this term the factor 2 is to be 
omitted. 

n-l 

*49. To prove, when n is odd, that (—1) * 2* sin* a can 
he expressed in terms of sin no, sin (n — 2)a, eta ; t?iat 
2*" sinh nx can he expressed in terms ofsinh nx, sinh (n — 2)x, 
etc. ; and tka/t the two expressions ore the same inform. 

We have, when w is a positive integer > 2, 
2 sin na (- 1) 2* sin* a 

= 2 sin (w + 2) a - 4 sin wa + 2 sin (w — 2) a, I. 

2 sinh na . 2* sinh* a; 

= 2 sinh (w + 2) a? — 4 sinh nx-\-2 sinh (n — 2) a. II. 

We have also 

(-1)2* sin' a = 2 sin 3a - 4 sin a. 

We proceed as in Art. 47. Multiply each side of this 
result by — 2' sin* a, and we obtain by the aid of I. 

(- 1)* 2' sin*a = 2 sin 5a- 10 sin 3a + 20 sin a. 

Multiplying again by —2* sin' a, we could obtain by the aid 
of I. an expression in the required form for (— 1)' 2' sin^ a. 

By continuing this process we could obtain an expression 

w-l 

in the required form for (- 1) * 2" sin" a, where n is any odd 
positive integer. 

Again, since 2' sinh' a = 2 sinh 3a5 — 4 sinh a?, by making 
use of II. in the same manner we could obtain an expression 
in the required form for 2" sinh" x. 

And since the process on the right hand is tJte same in 
each case, the resulting expressions are the same in form. 
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*50. We liave 2" sinli'a: = (e' - e"')" [n odd] 
= e"' - e— - w (e^-'^* - e"<-«>') + eta 
= 2 sinliTia;— n 2 sinli {n — 2)x 

+ \ 2 ^ ^"^ (w-4)aj-etc. 
Therefore it follows by Art. 49, tliat when n is odd, 
(-1)' 2"sin"a = 2sinwa-w.2sin(w-2)a 

+ \ o 2Bm(yi~4)a-etc. 

*51. To 'prove thcU, when n is even, 

ft 

(- 1)' 2" sin" a = 2 cos wa - w . 2 cos (w - 2) a 

+ 2 2 ^ ^°® (ai - 4) a - etc. 
We have, when nisa. positive integer > 2, 
2 cos rwt . (- 1) 2*sin*a = 2 cos(/i + 2)a -4cos wa + 2 cos(w-2) a 
2 cosh 7MC . 2* sinh' a: 

= 2 cosh (w + 2) jc- 4 cosh m; + 2 cosh (w- 2) z. 

Following the argument of the last article, we have since 
(-l)2'sin*a = 2cos2a-2, and 2» siah" a; = 2 cosh 2a; - 2. 
And since 2" sinh" a; = (e" - 6~')" [n even] 

= 2cosh7ia;-n2cosh(n-2)a; + ^^-^?^^^ cosh (7i-4) a;-etc. 

Therefore when n is even (- 1)* 2" sin" a 

= 2 cos na - w2 cos (n - 2) a + ^y" ^ 2 cos (n - 4) o - etc. 

In the last term the factor 2 must be omitted. 

[Cf. Art. 37.] 
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♦EXAMPLES, XXL 

(1) Prove that 8 cos* ^= cos 4^+ 4 cos 2^ +3. 

(2) -64sin^^=sinV^-Vsin5^+21sin3^-35sin^. 

(3) 128 sin8^=cos 8^ - 8 cos 6^+ 28 cos 4^ - 56 cos 2^+35. 

(4) Write down the last term in the expansion in multiples 
of cos d, of 

(i) 22»cos**^. (ii) 2«*+lcos**+l^. (iii) 2*»+2sin4»+2^^ 

(5) Any general formula expressed in cosines is also true in 
hyperbolic cosines. 

(6) Any general formula expressed in cosines or in. squares 
of sines will be true in hyperbolic cosines and sines if we write 
^ sinh2 ^ for sin2 ^. 

52. To prove, when n is a positive integer, that cos na 
can be caressed in powers of cos a \ that cosh nx can he ex- 
pressed in powers of cosh x ; and that the two expressions 
are the same inform. 

We have, when w is a positive integer 
2 cos (w + 1) a = 4 cos na . cos a— 2 cos (n — 1) ct. (I.) 

2 cosh (n + 1) as = 4 cosh nx . cosh a? - 2 cosh (n — 1) x. (II.) 

In I. put w= 1, and we obtain 

2 cos 2a = 4 cos* o — 2. 

Kext put n=% and using this last result, we have 

2 cos 3a = 8 cos'' a — 6 cos a. 

Put n = 3, then using the last two results we have 
2 cos 4a = 16 cos* a- 16 cos' a + 2. 

Kext put n = 4, then by the aid of the last two results, 
we can obtain an expression for 2 cos 5a in powers of cos a ; 
and so on. 
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By proceeding in this way we could obtain an expression 
in the required form for 2 cos na when n is any positive 
integer. 

Again, by making use of (II.) in the same manner we 
could obtain an expression in the required form for 2 cosh nx. 

Also, since the process is the same in each case^ the two 
resulting expressions are the saane in form. 

KzAMPLE. Prove that cosh nz - cos na U divisible by cash JL^eota 
when n is a positive integer. 

From the aboye we have 

ooah nx = A^ cosh* x + A^^^ cosh*"* x + etc. 
COB na = A^ cos* a + A^^ cos!*^ a + etc. 
the coefficients in the two expressions being the same* 

Hence by subtraction 
cosh nx - cos na=Af^ (cosh* x - cos* a) + ii^j (cosh*^ z - cos*-' a) + . . . 

and each term in this expression is divisible by cosh as -cos a; [for 
^* — ;s* is divisible by y—z when n is a positive integer] therefore also 
cosh no; - cos na is divisible by cosh x — cos a. 



EXAMPLES. XXn. 

(1) Prove that 2oos6^=64cos«^-96oos*^ + 36cos2^-2; 
also that eP' + e-«*=(6*+e-*)« - 6 {^+e-'y+9 (e* + «-*)« - 2. 

(2) Divide cosh 6x - cos 66 by coph ^ - cos ^. 

(3) Prove that ^ + ar^ - 2 cos no 

is divisible by x+Jir^ - 2 cos a when w is a positive integer. 
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*53. We can find the law of the coefficients in the 
expansion for 2 cosh nx, as follows : since 

(l-e'«)(l-e"'«) = l-«(e' + e-')+«« = l-«2cosha: + 2*, 

.-. log (1 - e'z) + log (1 - e^'z) = log {1 - 2 (2 cosh as - «)} ; 

. •. e'z + ^^z' + ie''^ + etc. + e~'z + Jc""*" + ^"*'2* + etc. 

= «(2 co8ha5-«) + J«'(2 coshaj- «)* + J»*(2 coshaj-a)* + etc. 

In this identity the coefficients of ^ on each side must be 
equal. 

On the lefb-hand side the coefficient of «" is - (e" + e~"*), 

2 1 

that is - coshwfic. The coefficient of a* in -»" (2 cosh a:- zY 
n n ^ ' 

is -2" cosh" as. The coefficient of «" in —;^^~^ (2cosh x -«)""* 

is - (w — 1) 2*"* cosh"-* X, and so on. Thus we get 

w — 1 

9 2" 1 _ 

- cosh wa;=— cosh" 05 =^(w-l)2" *cosh"""a; 

n n »- 1 

J_ (n-2)(n-3) 

- 1 (n-3)(»-4)(«-5)^._,^._.^^^^^ 
n — o 1 . J, o 

Therefore also 2 cos wa = 2"cos"a- w. 2"~*cos""*a + 

. (4=|) 2- cos"-* a-n. (^-/)f-5) 2.-, ^^._. ^ ^ ^^ 
1.2 1 . J . o 



n 



*54. This result may be transformed into a more sym 
metrical form as follows. The general term is 

(-1)' n{n-r-l) (n-2r+l) ^^ ^^ ^^._, 
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I. Let n be even; let 2m stand for n. 
Then n — 2ria even ; let 2p stand for n - 2r, 
The general term may be written 

(_ ir-' '*("* + p-i)("*+y-2)-(2;>-n) 2^ ^^^ . 



m—p 



[where ^ is to have all integral values from to m] 



= (_ i)«-p ^' ^ ^ 2* cos* fl 



-^-i; ^ - cos tf 

= {- 1)"-' X 
n (2m + 2jP -2)(2m + 2y - 4) ... (2y/i) ... (2m - 2p + 2) ^ ^ 

I X w cos V 

|2^ 

[for there are 2p — 1 terms in the series (m+j9— 1), (w +j>— 2) 
...(m— j> + l)] 

LI? 

Hence putting for p the values 0, 1, 2 ... we have, 2 cos nB 

= ^-^) n^"iT2^^«^-*-T7273:4^^^-^S^ 

11. Let 72 be odd, then by putting 29n + 1 for n, and 
making a similar transformation, we shall obtain 

2cosnfl = (-l)' X 

2|.cosg-^-^cos'g^ 1.2,3:4.5 ^ ^^^-^S- 

4—2 
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*65, The following is an illustration of an important 
method. 

Suppose that we have a general theorem such as 
cosn^ = A^ + A^coB6 + A^ cos' + A^ cos' tf + etc (I), 

which is true for all values of 6, For 6 put 6 + h and we 
have 

cos nO . cos nh — sin n6 . sin nh 

= Aq^A^ (cos . cos h — siaO. sin A) 

+ J, (cos . cos A - sin fl , sin A)' 

+ A^ (cos . cos A — sin 5 . sin A)' + etc 

For cos A we may write 1 — JRh* and for sin A we may 
write A — -R'A', where E and jR' are both finite when A = ; 
hence we obtain [Art, 44.] 

cos nO — n'h'E cos n6''nhsian9 + r^h^R sin nJ6 

^ -4^, + -4j cos tf + -4g cos* tf + etc. 

— A {^j sin + 2^j sin tf . cos tf 

+ 3^8 sill ^ • cos* tf + 4^^ sin 6 . cos* tf + ...} 
+ terms containing higher powers of A (II). 

This result is true for all values of A, and remembering I. 
we see that it is divisible by A. Dividing by A we get a 
result which is true for all values of A^ and is therefore 
true in the limit when A = 0. Proceeding to the limit we 
obtain 

+ n sin w5 = -4, sin fl + 2A^ sin 6 cos 6 + ^A^ sin 6 cos* + etc. 

*56. The student who is familiar with the methods of 
the Differential Calculus will observe that the above result 
may be obtainied by differentiating each side of the equa- 
tion (I). 
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*57. Applying this result to the series of Ari 54 we 
have, when n is even 

2sinnfl-(-l)' 2 8inflx 

r^"^^-T7273-^^^^ 1.2.3:4.5 ' ^^'»'-^^]^ 

when n is odd 



w-l 



2smne = (-l) 2smex 

*58. Hence we have the series: 
I. (n even), (- if cos n$ = l-^coa*e+ '*-^^-']cos*tf- 

n. „ (-l)^*'Bmntf=sinfl{»costf-^^^:^co8»e+J 

IIL (nodd), (-lf«"co8Mtf = ncoB«-^^^s^cos»fl+.., 



IV. „ (-l)»sinwfl = sinfl|l--^— 2-cos'fl4-...|. 

IT 

*59. In each of the above formulse put ^ - fl for fl, then 
I. (weyen), coswg^l-^^sin'g-t-!^— ^ ^ " ^ sin*g-... 
TL 9, siD.n6 = cos6\nsm6 — ). ^ sin'g+...[ 
III. (w odd), sin7ie = 7ismfl-^^j^^Psin»fi+... 
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*Q0. In the following example an independent proof is 
given of the result of Art. 54. 

Example. To expand cos n$ in ascending powers of sin $,. 

From Art. 19, we have when n is even 

cosn^=l+-42 8m2^+il4 8in*^+eto I. 

The constant term is 1, because when ^=0, cosn^=:l, 
and sm9=0. 

For $ write 0+h and we have 
cos nd cos nA + sin n^ sin nh 
= 1 + ^2 (cos ^ cos^+sin ^ sin h)^+A^ (cos $ cos ^ + sin 6 sin hy+ ... 

For cos nht write 1 - Jn'/i* + etc., for sin nfe, write nh - ^nW + etc., 
and substitute similar expressions for cos h and sin h. 

In the result we may equate the coefficients of hK 

On the left-hand side the coefficient of h^ is - ^n^cos'n^. 

In the term A^r (sin 0+hooB$- ^h^ sin ^ - etc.p the coefficient of 
A«is 

A» I^^T^^^ »"^*^' ^ ^^^ ^ - '• sin**" ^1 . 
Hence 
-Jn'cosn^=Ja {cos«^-sin«^} +.44(2. 8 sin«^ 008^^-2 sin* ^}+... 

+A^ |— ^^^^^^Bin«»--^^co8»^-rsin«»-^|^ 

In this writing 1 - sin^ $ for oos^ $ we obtain as the coefficient of 
sin"'^ 

(2r(2r-l) ) } (2r+2) (2r+l) ) 

■'^«^l~iT2~'*'*^r^2*^^l — 172 — r 

This then gives another form for the expansion of cos n9 in ascend- 
ing powers of sin' $. 

The coefficients of these two series are the same. Hence 
-InM —A 1 2'- (g*--!) ,J,A (2''+2)(2r+l) 






n« - (2r)' 
(2r+l)(2r+2) 
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5a 



Putting for r the valaes 1, 2, 3 ... in suooession we obtain 



^,=- 



n' 



1.2 



^=- 



ri' 



1.2' 



A - ^'-2' ^ _n«( n«-2g) 
^^"■" 8.4 "*»" 1727374' 



and BO on. 



n' 



Thus co8n^=l-r^flin»g + ^ \ ^ j sin^^-eto. 

[The same result would be obtained by comparing the series L with 
that obtained by equating the second differentials of each side.] 



♦ EXAMPLES. ZZm. 

Prove the following statements : 

1) cos4^-l-8co82^+8cos*^. 

2) -cos 6^=1 - 18 cos2^+48 cos* ^ - 32 cos« ^. 

3) cos9^=9cos^-120cos3^+432co8*^-576co87^ + 2»cos»^. 

4) cos 6^=1 - 18sin2^+48 sin*^-32sin« 6. 

A' A' 

5) cos(j?+A)=cos^-Asin^-r^cosa; + ,— sinj;+etc. 

L± l£ 

A' A' 

6) sin(^ + A)tosina; + Acos^- — sino?-- cos.r+etc. 

I* 15 

A^ 

7) cosh(a? + A)=:cosha;+Asinh^+|o-cosh^+etc. 

A> 

8) 8inh(^+A)=sinh^+Acoshi?+|-^sinh4?+etc. 

^v , / T.I . A , A' - A' 

9) log(a?+A)=log^+--i^+J^ 



10) If sin7ia=-4iSino=-48sin'o+..., then 

n cos na^Ao cos a + 3A^co& a sin^o + etc. 

[11) Prove that if cos"a =-4n cos na + -4^-2 cos (n - 2) a + etc. 
then n sin a . cos*~^a=nil„ sin na+(n - 2) ul„_j sin (n - 2) a+etc. 
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(12) Prove that 2*sinocos'^^o=2sin7ia + 2(71- 2) sm(n-2)a 

+ (n - 1) (n - 4) cos (n - 4) a + etc. 

(13) Prove that 
2sinna=2'»sma.cos*»-la-2'»-2(7i-2)sina.cos(»-3)a 

+ (n - 3) (w - 4) 2""^ sin a . cos (n - 5) a - etc. 

(14) Assuming when n is odd that 

8in7id=nsin^+-43sin2^ + ul5sin^^+... 

prove as in the Example on page 54, that 

. ^ . ^ n(n2-l) . -^. n(n2-l)(n2-32) . .. 
sinn^=»sm^ — 2 2 3 '^"^^'^ 1.2.3.4 5 ^ "^^-* 

(15) If sinh no: = Ai sinh ^+-43 sinh^^ + etc., then 

n cosh nx = -ij cosh ^ + 3-43 ^^^ ^ sinh^^ + . . . 

*61. Consider the equation (n even) 

2" cos- tf - 71 2"-' cos"-"e + ^(!^"1^^ 2"-* cos"-*e + etc. 



+ («l)^?>JI^)2cos*fl-(-l)'^2cos»tf + (-l)'^ 

= 2 cos TUl. 

This is an equation of the »th degree, one of whose roots 

27^"* 



are 



(2r7r\ 
a + -■ — j , the other roots 

found by giving r the values 1, 2, 3... (w-l) in the ex- 

problems on symmetrical functions of the series 

cos a, cos ( a + — J , cos fa + — j , etc. 
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ExAMPije. Find the Btun of the serieB 

8ec'a+seo'(o+ — j+sec'f a+ — )+ ... tontenns. 

Thai is, find the smn of the sqnares of the reciprocals of the roots 
of the above equation. 

Hence, USq, 8i, S^i etc. are the coefficients of cos* 9, cos*^^ 0^ etc. 

(S \* 25 
~a^ ) — <r~' » 

and when n is even 

-£f,.= {2cosna-(-l)f2}. 5f^_i=0, fifnHi= -(-!)*«". 

The required sum is : ;; . "When n is odd, the sum 

l-(-l)i cos na 



IS 



n« 



cos' na ' 



« EXAMPLES. ZXrV. 

Find the value of the following expressions, in which n^=*=27r. 

(1) cos a cos (a + 0) cos (a + 2^)... cos {a+{n- 1)^}. 

(2) sec a + sec (a + 0) + sec (a + 20) + • . . to n terms. 

(3) sin a sin (a + <f)) sin (a + 20) + . . . to n factors. 

(4) cosec^ a + cosec^ (a + 0) + cosec* (a + 20) ... to n terms.' 

(5) tan2a + tan2(a + i0) + tan2(a + 0) + tonterms. 

(6) tan a + tan (a + J0) + tan (a +0) + ton terms. 

(7) cot a + cot (a + J0) + cot (a + 0) + . . . to n terms. 
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*62. To find the Qtuidratic Factors q/* x" — 2 cm na + x~", 
when w is a whole number. [Compare Arts. 38, 52.] 

The following is an identity : 

a;" - 2 cos Tia 4- x~* - {«""' + as"^""*^} {a; - 2 cos a + »""*} 
+ 2 cos a {aj""* - 2 cos (n - 1 ) a + a?"^"""} 
- {«"-» - 2 cos (w - 2) a + a;-^"-»>}. 

Let /(w) stand for a:" — 2 cos na + a;"". 

Then the above identity may be written 
f{n) = {«"-» + iB"'"""}/(l) + 2 cos af{n - 1) -/(w - 2). 

Now from this it is clear that if /(I) divides both 
f(n - 1) andy(?i— 2), it must also divide f{n)* 

But /(I) does divide /(I) and /(2). Therefore /(I) 
divides/(3) ; and therefore/(n), when n is any positive integer. 
That is, (aj — 2 cos a + a;"^) is a factor of (aj" — 2 cos na + a;"""). 

(2rjr\ 
a + — ] + x"^ is a factor 

of a:" — 2 cos {na + 2rir) + a:"", that is of a;" - 2 cos na + a;"". 

Hence we get that the n factors of as* — 2 cos na + x"* are 

{aj — 2cosa + a:"^} <a5 — 2cosf a + — J +a5"*> 

n factors up to •! aj — 2 cos f a + — ^^ ^ j + x"^ [ . 

63. Writing - for x in the result of Arts. 38, 52, or 62, 

and simplifying, we get 

x*^ — a*x*, 2coswa + a'" = {a:*-aaj. 2 cos a + a'} 

X |a:' — aa;. 2 cos ra + — J4-a*>xetc. w factors. 



DE MOIVRE'S PROPERTY OF THE CIRCLE. 
64. This result may be interpreted geometrically. 
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Let OB be the initial line ; with centre and radius 
equal to x describe a circle; let HOF^ be the angle a. 

Divide the whole circumference, starting from F^, into n 
equal parts, P,P„ P,P„ ... P„_,P,. 

Let OQ be equal to a, so that Q is any point in OE or 
in OB produced, then 

QFJ'=OF^''+OQ'-OF^.OQ.2coaBOF^=a^+al'-ax.2coaa 

QF^'= 0F^'+ OQ'- OFfiQ . 2 cos ROF^ 



= a:" + a* — ooj . 2 cos 



(«4) 



and so on. 



Hence the result of Art. 56 may be written 
0FJ"'--0F^\0^2coanE0F^+0Q'^=QFJ^.QF^\QFJ',..QF^^^'. 
This result is De Moivre's property of the circle. 

65. Some particular cases of the above should be 
noticed. 

When Q coincides with JR, a = x, and the above becomes 

our. 2 am {^n. ROF^) = RF^ . RF^ .RF^... RF^_^ . . .(I). 
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Again if B coincides with one of the points F, then a is a 



Jtt 



multiple of — , and na is a multiple of 27r and we have 



n 



.-. OBr^OQ''^QP,.QP,.QP,...QP^^, (II). 

Now if the arcs P^^P^, P^P^,.,. are bisected in points p^, 
Pi^ Pa'"Pn-i respectively, we have by what has just been 
proved 

OE'* - OQ'" = QP, . Qp, .QP, .Qp,.,. QP,^, . Qp^^,. 

Therefore, by division 

OI^ + OQ'' = Qp,.Qp^.Qp,...Qp„^, (III). 

The student should notice carefully that in (I) Q lies 
somewhere on the circumference; in (II) OQ or OQ pro- 
duced, passes through one of the points P^P^.,,; in (III) 
OQ or OQ produced, passes through t?ie middle point of one 
of the arcs pj>^ , p^p^^ etc. 

(II) and (III) are Cote's properties of the circle. 
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« MISCELLANEOUS EXAMPLES. XXV. 

(1) Prove Elder's Fonnula, viz, 

fiind B B B J . - 

— ;z- =acos - . COS ITS . COS ^ ... ad ini. 

and deduce from it that sin ^ is less than B - ^. 

(2) AB is the diameter of a circle and Qq anj point on the 
circumference ; Qu Q^, Q^i*" ^^i^ the points of bisection of the 
arcs AQq, AQ^^ AQ2,... prove that 

(3) Find the Umit of (cos ^)^* * when ^=0. 

(4) Find the limit of logj^^^ sin B when ^=0. 

(5) Of what order is the error when r, is substituted 

^ 2 + cos^ 

ford] 

(6) Prove that 2 cos n^ - 2 cos nd= 2" (cos - cos d) x 

•jcos^-cosf — + ^)f jcoB^-cosf ^~ "^ +d)L 

.. . _i /tan2^+tanh2^\ _j /tan d - tanh :ir\ 

^^^ ^ Vtan2d-tanh2a;;"^^ \^tand + tanhW 



- . , sinh^ J ,, cosh^ 
where tanh ^= — i — and coth x= - 



= tan-^ (cot B coth a?) 



cosh a; sinh^* 

(8) Expand cos*"^ + sin*"d in a series of cosines of multiples 



ofB. 



(9) Prove that 

«• 2»r 3tr 4fr 5jr 6w 7ir 1 

cos j3 ooB^ COS ^ 008 j3 coa j^ cos j3 cos j3 = 2-y . 

(10) Form the equation whose roots are 
tan«-,.tan«Yj, tan^^, tan«^, tan^— . 
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CHAPTER V. 
On the Summation of TaiooNOMETRicAL Sebies. 

66. There are two methods peculiarly applicable to the 
Summation of Trigonometrical Series. 

FIRST METHOD. 

67. Sometimes each term of a series may be transformed 
into the difference of two quantities. 

Example 1. To sum the series 

sino+sin(o + 8) + sin(o + 2a)+ ... +8in {a+(n- 1)5}. 

Wehave 2sina. siiiid=cos(a-i5)-co8(a + i5), 

28in(a+9} . Binid=cos(a+id)-co8 (d+|9), 

2sin(a + 2d) . sinid=cos (a + |d)-0O8(a+|S), 



2sin{o+(n-l)8} . sin J5=cos la+ — g— 8j-cosf a+ — ^ — ^)- 

Therefore, if S^ stands for the Btun of n terms, we obtain by 

/ 2n-l \ 
addition 25,^ . sin J 8=cos (a - J5) - cos ( «+ — « — ^ I 

=2 sin {a+i (71-1)8} . sin^nS. 

Therefore g Bin{a+Hn-1)»} • sinini 

* sm^d 

Example 2. To sum the series 

coBo+cos(a+8)+cos(o+25)+ ... cos {a + {n-l)d]. 
We have 2 cos a . 8inid=8in(a+i8) -sin(a]^ -2). 

Hence, proceeding as in Example 1, we obtain 

cos {a+i{n-l)d} , smjng 



SUMMATION OF SERIES. 
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The results of these two examples are often useful. The 
student is advised to become familiar with them in words. 

The sum of n terms of a series of vines (or cosines) of 

angles in a. p. is equal to the sine (or cosine) of half the 

sum of the first and last cmgle, multiplied by the sine of 

n times half the diffefrence^ divided by the sine of half tlie 

difference. 

Example 8. To prove that if n0 = 2t, tJien 

Bmo+sin(a+^) + 8in(a+20) ... +Bm {a + (n-l)0}=:O 

for aU values of a. 

In the result of Example 1, sin ^iS occnrs in the nmnerator, and 
8m^nd=:sinin0=sinT=O, and the denominator sin^^ is not=0. 
Therefore the sum of the series =0. Similarly 

cosa+cofl(a + ^) + cos(a+20)+ ... +cos{o+(n-l)0} = O. 

68. The results of Example 3 may be stated geometri- 
cally: Let OUhe the initial line and EOP^ajoj angle, then if 
the whole circumference of a circle centre and radius OB, be 
divided into n equal parts P^ Pj, P^ P,, etc. Then the sum 
of the sines (or of the cosines) of all the angles ROP^^ 
HOP, ... HOP,., is zerot. 




t This is an expression of the fact that the centre of gravity of 
equal particles placed at the points PqPi..» is at the centre of the cirole. 
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ExAUPLB 4. To sum the series 
8m«a + sm"»(a + 8) + fiin«(a+25)+ ... +Bin'*>{a+(n-])5}. 

This may be done by the aid of Arts. 37, 47. 
Thus, if m be even 

2"»Bin«*a=(-l)» {cosma~ncoB(in-2) o+etc.} 

and the required sum may be obtained from the known sum of thd 
series {cosma + cosm (a + d) + cosm(a+2d)+etc.} 

+ {cos (t» - 2) a + cos (m -2) (a + d)+ cos (m - 2) (a + 28) + etc. }. 

Similarly we may find the sum Of the series 

cos** a + COS** (a + 5) + cos"* (a + 25) + etc. to n terms. 



EXAMPLES. XZVI. 

Sum the following series to n t^rmis. 

1) sin a + sin 2a + sin da + 

2) cos a + cos 3a + cos 5a + 

3) sin a + sin 4a + sin 7a + 

4) sina.cosa+sin2a.cos2a + sin3a. cos3a+.. 
6) cos*a+cos2 2a + co!s'3a+ 

6) sin5a + sin'2a + sin'3a + 

7) cos* a + cos* 2a + cos* 3a + 

8) sin 2a. cos a + sin 3a. cos 2a + sin 4a. cos 3a + 

9) sin a . sin 2a + sin 2a . sin 3a + sin da • sin 4a + .. 

10) cos'a + cos' (a + S) + cos« (a + 2d) + 

11) sin*a+sin*(a + d) + sin*(a + 2d) + . 
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(IS) Solre tbe equation 
sin ^ + sin 2^ + sin 3^ + etc. ton terms acos^ 4- cos 2^ + cos 3^+ etc. 
to n terms. 

(13) Write down the value of series (10) and (11) when 
nd=27r* 



(14) Prove that 

sin g + sin 3a + sin 5a 4- ... to n terms 
cos a + cos 3a + cos 5a + ...ton terms 



: tan na. 



(16) Prove that 

sin a+sin (o + d) + sin (a4-2d)-H ... to (2n~l) terms 
sina + sin(a + 2d) + sin(a + 4d) to n terms 

is independent of a. 

(16) Deduce from Ex. (1) the sum of the series 

1+2 + 3+ +n. 

(17) Deduce from Ex. (6) the sum of the series 

lH23 + 3»+etc.+nl 

(18) Deduce from Ex. (9) the sum of the series 

1 . 2 + 2 . 3 + 3 . 4+etc. + n (n + 1). 

(19) Sum the series sin a - sin (a + d) + sin (a + 2d) - etc. to 
n terms. 

(20) Sum the series cos a - cos (o + d) + cos (a + 25) - etc. to 
n terms. 

(21) Prove that the series sin** a + sin** (a + <^) + etc. to 
n terms, where w^=2fr, is independent of a, provided m is less 
than n. 

(22) Prove that the series cos"* a + cos** (a + <^) + etc. to 
n terms, where n^= 27r| is independent of a if m is less than n. 

L. 5 
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Example 5. To sum coseo + cosec 20 + cosec i0+ ... ton terms. 

We have oosee = cot ^0 - cot ^, 

oosec 2^= cot - cot 20, 



eoseo 2"^id=cot2»-«^-cot2»^. 
Therefore, as in Art. 67, 

fif^=cotJd.-cot2*-i^. 

Example 6. To sum tan ^ + i tanjtf + ^ tan^d + etc. to n terms. 
We have tan0=cot^~2cot2^, 

Jtani^=icoti^-cot0, 

itanid=icoti0-icoti^, etc. 

1 

Therefore S^=^--, cot j--, - 2 cot 20. 

69. If the result of summation of such series is given, 
it is often easy from that result to discover the required 
transformation. 

For example. The result of the summation in Example 1 has sin ^8 
in the denominator. This suggests tiiat sin a . sin Jd may be transformed 
into two quantities which are of course J cos (a -}$) — } cos (a 4- iS). 
Again, in Examples (5) and (6) the required transformation will be at 
once seen if we put n=l in the answer. 

The student however is advised only to resort to this 
method of solution as a last resource. 

EXAMPLES. XXVn. 

Sum the following series to n terms. 

(1) sec ^ . sec 2^ + sec 2^ . sec 3^ + sec 3^ . sec 4^ + 

(2) oosec B. cosec 26 + cosec 26 . cosec Z6 

+ cosec 3^ . cosec 4^ + 

(3) oosec 6 . sec 26 - sec 2^ . cosec Z6 + cosec Z6 .sec 46- etc. 

^ ' cosa+cos3a cosa + co8 5a cosa+cos7a 

... sin a sin 2a sin 3a 

(5) 5- + ; T- + ; ^ +eto, 

^ ' cos a 4- cos 2a cos a + cos 4a cos a + cos 6a 
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» 

,_. coso cos 2a cos 3a 

(6) ^ + — + TT+etc. 

COS a 'COS 2a C08a-C08 4a C06a-co8 6a 

(7) Sin2d.sin2^ + i8in4^.sm22d + jsin8^.sm«4^+ 

(8) sin2^.cos<^-j^sin4^.cos<2^ + ^8in80.cos*4^- 

(9) sin^ . cos" 5 -28in - coe* - +4 sin - . cos* ^ - 

(10) ' sec a . siu 2a . sec 3a + sec 3a . sin 4a . sec 5a + etc 

,-,. sin 2a sin 4a . 

sin a . sin 3a sin 3a • sin oa 

(13) tan-.j-^2^,+ten-i^3-,+tau->j-j^+... 

3a* 6a* 

(15) , tan^+2tan2^+4tan46l+eta 

(16) tan a + cot a + tan 2a + cot 2a + tan 4a + cot 4a + etc. 

(17) sin e sin 3^ + sin 2$ sin 6^ + sin 2* ^ sin (2* ; 3^) + etc. 

(18) 8in^.sin3^+sin^sin-^+sin5| .sin^ + 



(19) cot^cosec^ + 2cot2^cosec2^ + 2*cot2*^co6ec22^ + ... 

A \ B B 

(20) cot B cosec^ + i cot - cosec « + ga cot ^jCosec ^j + ••• 

(21) cosec a + cosec ^ + cosec ^ + 



(22) ^seca+oi secasec2a+ ^ sec a sec 2a sec 2* a + etc. 

(23) Deduce from Ex. 2 the sum of the series -r-r + ^-j: + 



1.2 ' 2.3 • 3.4 
tan terms. 

(24) Deduce from Ex. 17 the sum of 

1.3+2M.3+2*.1.3+... 
to n terms. 

5—2 
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SECOND METHOD. 

70. When the sum of a series of the form 

J^ 4- -4^2? + il ,«j* + ^gO* + etc. 

IS known, we can obtain the sums of two series of the forms 

^^ + -4,a; cos ^ + A^af cos 2$ + A^a^ cos SO + etc., 

and ^ ,03 sin ^ + A^oc^ sin 26 + A^x^ sin 36 + etc. 

Let C stand for the snm of the first series, and S for the 
sum of the second series, then, 

C+iS^A^ + A^x (cos 6 + i sin 6) + A^{co8 26 + i sin 2^)+etc. 

= ^, + A^xe^ + A^ {xe^''¥A^(xe^y+ etc. 
The sum of the last series is known by hypothesis. 

The result of the summation must then be expressed in 
the form A + iB; whence we have C==A and S—B, [Art. 11.] 

ExAMpLX 1. Sum the series 

l + a;cos^ + ar«cos2^ + etc. +aJ*~^cos(n-l)^, 

Let C^ he the sam of this series, and let 

iSf„_i=a;sin^ + a:*sin2^+ ..» +a;'*-^8in(n-l)^. 

Then C^'hiS„-i=l+xe*^-hx'e^'^-ha?e^^+ ... a;«-ie(»-l)»^ 

1 - a; V*** 
This is a series in o. p. ,•. its siun = . 

Multiply the numerator and the denominator of this result each 
by 1 -flctf"**, and we have 

'*'^* ""' l-x{e*^+e-^)+^ " l-2a;co8«+ar> 

rm, t /y 1 - X COS - x'^COB n0 + X^^ COS {n - 1)0 r*_x^^-. 

Therefore C.= i_2^eo.9+^ -' t^^' "^ 

.- ^ _a:8in^-a:*sinnd + a;**"*"^sin(n-l)^ 
^^^ ^'^-^ l-2aroos^ + «« ' 
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Example 2. Sum the infinite ierie$ 

sina+xsin (a+/3) + |^ sin (a + ^)+ .-^ 8in(«+8/J)+.., 

Let S stand for the sum of the seriee, and let 

C=COB«-«-«COfl(« + /f)-«-rH0O8(a + 2^)+ ... 

Then C+fSf :==«*•+«**«*+ ^ «**«**^+ ...=«*«{e»*» } [Art, S.J 

If. 

^ ^ttt^ (oos /I + 1 sin A 

=(coBa + t8ina)<*«*^{0O8(«flMi/J)+<sin(i:Bini8)}. 

Therefore 5=e*"*'^{flin«cos(aJBin/5) + cosasin(a5sin/3)J 

=^co«^8in(«+jc8in/3). 



EXAMPT.Bfl. ZZVjn. 

Sum the following series to infinity. 

(1) sina + a;8ia2a+a;^sin3a + «.* 

(2) cosa+j?cos(o+/3) + 4r*coe(a + 2/^ + ... 

' (3) sino + cosasin(a+/8)+cos2asin(a+2;3) + .., 

(4) cos o + sin acos(a + /3) + siu^ acos (a+2/3) + ... 

(5) sino+j-g sin2a + jg sin3a+..* 

(6) xsino + 7a sin2a+T5 sin3a + ... 

\z. Li 

,^. _ coso . . cos*a «^ cos'a 

(7) 1- lY-cos^+.g- cos2^--r^cos3^+.., 

1 1 

(8) sina-yr cosasin(a+)8) + 75 cos*asin(a+2)8)- ... 

Li - \1 
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(9) sina-ism2a+Jsin3tt-... 

(10) .cosa+iooB2a+Jcoa3a+,.. 

(11) »ino.cosi3-isin*a.cos2j8+}sm'o .cos3^-... 

(12) oos^.cos<^+^oos'^.cos2<^+|oo83^.cos3^+.. 

Sum the sedes 13, 14, 17 to 20, to n terms. 

(13) cosa + foos(o+i3)+^cos(a + 2/3)-h... 

(14) ;r sin a-o?* sin {a-\-fi)+x^ sin (a + 2/3) - ... 

o) 1+nooSa-f ^.Q ^ C082a-f— t~ -'c083o+... 

|2 [2 



(15 

to (« + 1) teims. 

(16) 8ina + «M?Bin<a+^)+^^^^^^j?2sin(a+2/3) + ... 

If. 

to (fi + l) terms. 

(17) 1+C08O. cos ^ + cos' a. cos 2)3 + cos' a. cos 3/3+... 

(18) sin a + sin a . sin (a+p) +sin'o .sin (o + 2^) + ... 

(19) 8ina+2sin2a+3din3a + ... 

(20) 1*0080+2*008 20+32008 30 + ... 

*Sum the following series to infinity. 

(21) l+^co8oain/3 + ^^^^cos*asin2)3 

"+^^^f:^cos3o8in3^-+... 

(22) coso-Jcos3o4-|cos6o-... 

(23) l+jT e«M*oos(sina) + T^ c*«o»«cos(2sina) + ... 

(24) 6 *cosy-Jc~*'cos3y+|c-*»oos5y-..* 

(25) e*sinar- Jc*'8in2a?+j6*'8inar-... 
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71.- The expression a;* - 2a; cos + 1 is the product of 
the two factors (1 -a»**)(l — a^-**), and therefore an ex- 
pression having 0^*^20; cos^+1 for its denominator may 
often be expanded in ascending powers of x by finding its 
equivalent partial fractions. 

V 

_ T T^ , 2 C08 a — 2xco«(tt-/9) . ,. 

Example I. Expand — = — ^ ^ ^ tn ateendtng powen 

ofx. ' 

2cosa~2a;oo8(a-/3) _ ^^+g"**- x (e**"^ + e "^+^) 



Ti + 



=2eosa+a;2cos(a+/3)+c*2QOB2(a+iS) + ^. [Art. 23.] 

1 
ExAKPLB IL Expand ^ — jr- r in ascending powers of x. 

This* expression m^ be written (l-ajc'*)"^ (I -a« "**)"'* 

+ {e^^+e'^^) {a:9+aj*+a^ + ...}+etc. 

1 ' 

= = i{l+x2cosa+a;'2coB2o+a;'2coB3a+...} 

I 

Writing r for x we have, if a> 6 



(o«-2aicoBa + 6*)-i=7Y3Ts|l + 2|coBa-f2^co8 2a+...|. 
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ExAMPLS III. In any triangle 0*= a' - 2ab co» C + b'; Uttkbe^h, 

then c«=6« (l-i«*^) (l -5«"^) ' f^- ^^-^ 

=21oga-^(g<C+^-iC^_ j^^(eiC+e-<C).eto. [Art. 4.] 
logd=loga — oosC- J-jC08 2C7-J-jCos3C-etc. [Art. 23.] 



This series may sometimes be made useful when - is small. 



72. The followiDg example is important. 
Given sin tf =z sin (^+a), expand ina series of ascending powers 

Since 8in^=a:sin(^+o),.-.e**-c"^=aj(e**+^-«-**-««), 

[Art. 23.] 

e^^-l=^x{e^e^^^eS 



jii0 l^xe *^ 
l-xe^ 

log «^^=log (1 - xe-^) - log (1 - xe^). 
2i0-h2inr=x («^*-tf-**) + Jaj^ (e2^-.e-^»*) + etc. [Art. 4.] 
^+nr=«sino+ia:»sin2a + ia55sin3a+... [Art. 23, 28.] 

If in the above x—-!, then sin^^ -sin(^ + a), so that we may 
put - 20 for a. Hence we obtain when is less than ^r 

tf=sin2^-i sin 4^+iBin 6^-eto. 
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EXAMPLES, xxry. 

(1) Expand yZq 7hZ~i ^ * series of ascending powers 

of a ; and prove that if Pn-19 p»j p»+i be the coefficients of three 
consecutive terms 2jo, cos <^=jo»-i+jo.+i. 

Expand the following expressions in ascending powers of x, 
. . sin a , . l+a?co8d 



l-'2xcoBa-{-a!^' ^^ l + 2a7Cos^+:c^' 

/^\ 1 /I a . 9\ /K\ sina-a?sin(o- fl) 

(6) e««»«cos(^sina). (7) ea»Qoabx. 

(8) €<M5 cos 6^ + e** cos a;r. (9) e*co8«sin(jFsino). 

(10) e««w^cos(a+^sin/3). (11) e«oos^sin(a + ^sin^). 

(12) In any triangle sin -4 =t- sin (A + C), hence prove that 

A=^auiO-h gp sin 2(7+ etc. 

(13) If tan sn tan 3, find a series for in terms of ^. 

sec**^ r e*"* g-tntf ") 

(14) Prove that ^j_=j|^^_^j^ + ^j-_^,|, and ex- 

pand sec**^ in<}osines of multiples of 6, 

(15) Prove that cos nacos^a + 1 sin na cos**a = -r^ — =-: r- and 

(1 -I tana)* 

expand cos na cos^a in ascending powers of tan a, 

(16) Sum to infinity the series 

(i) 4+9 cos ^+21 cos 2^+51 cos 3^+etc. 
(ii) l + 3^sin^ + lla;2sin2^ + 43a;^sin3^+... 
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CHAPTER VI. 



Resolution op sin (9 and cos into Factors. 



73. Toprore^6^6(l-^(l-^)(l-^-;)... 

By Arts. .38, 52 or 62 we have when n is a positive 

integer 

jc** - 205" cos 2na + 1 

= (a:*-2a5cos2a+lHx*'-2a5cos(2a + — J + 1 V ... n factors 

in this result let a;== 1, and let 29i^ = ir, then 

2 (1 - cos 2iia) = 2* (1 - cos 2a) {1 - cos (2a + 4^)}. . . 



{1 - cos (2a + n - 1 4^)}. 
Now 1 -cos2wa = 2sin*72a; hence taking the square root 
>k 2 bin na = 2" sin a . sin (a + 2^) . sin (a + 4^) .., 

sin (a + 2w^ - 2^). 

But . sin (a + 2w^ - 2^) = sin (a + ir — 2<^) = sin (2^ — a), 

hence, when n is odd, we have 

± 2 sin na = 2" sin a sin (2^ + a) sin (2^ - a) . sin (4^ + a) 

sin (4<^ - a) . . . sin {{n — 1) <^ + a} sin {(n — 1) <^ — a}. 

But sin (2^ + a) sin (2^ - a) = sin* 2<^ - sin' a. Hence 
«fc 2 sin na = 2" sin a (sin* 2^ - sin* a) (sin* 4<^ - sin* o) . . . 



RESOLUTION OF SIN $ INTO FACTORS. 75 

Next, divide both sides by sin a, and let a be diminislied 
without limit, and we obtain 

2n = 2" sin" 2^. sin" 4<^ sin" &4> ... sin* (n - 1) <^. 
Divide the first of these last two results by the second, 

thus 'feSin/ia=W8ino( 1 --r-TTTT ) ( i . a J 1 ) "' 

\ sin* 2<f>/ \ sin* 4^/ 

Write $ for no, and let n be increased while a is diminished 
without limit, 6 remaining unchanged : then since 

sin — 
sin* a n sin* a 



, .*. the limit of . ^^ is -,; 



sin" 26 . , IT * " sin* 2d> 

^ sin" - ^ 

n 



and the limit of n sin a = that of n - , i,e. = 6; 

n 

proceeding to the limit we obtain 

.»..»(i-5)(.-^)(i-,^)... 

Now, when $ lies between and tt, sin is positive and 
every factor on the right-hand side is positive ; when lies 
between ir and 27r, sin is negative and one factor only on 
the right-hand side is negative ; and so on. Therefore the 
upper sign must be taken in the above result instead of the 
ambiguity ^ : And the proposition is established. 

*74. "We can prove that the upper sign must be taken 
in each of the foregoing identities as follows : — 

In the figure, let ROP^ = o; produce PjO to Q, and divide 
the semicircumference PQ into n equal parts P^P^^ P^ P,, 
eta Then since n,2^ = iry each of the angles PjOP^ , 
P^OP^.,, is equal to 2<^ and ROP^:^a+ 2<^, i?0P, = a + 4i^, 
etc. Now consider the first ambiguity on page 74, 



76 
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FlgJL 




I. Let a be less tlian tt (Fig- !)• Now, since sin ROP^^^ 
is negaUve when P^_j is hdow ROLy the product of sines on 
the right-hand side will be positive or negative according as 
the number of the points P^_^ Rn-a"* which are below EOL^ 
is even or odd. Let r be that number. Then a, which 
ssPOFq = LOQ, is equal to (r . 2^ + X), where X is less than 2^ 
[in Fig. 1. r^3 and X = LOF^^^ ; hence na = n (r2^ + X) 
= r7r + nX, where nX is less than tt. Therefore sin^ia is 
positive or negative according as r is even or odd, that is, 
according as sin a . sin (a + 2^) sin (a + 4^) ... is positive or 
negative. 

II. Let a lie between v and 2ir (Fig. n.). Then P^ is 
below ROL^y and if there are a&o r of the points Pj, P^ ,. . be- 
low ROL^ , (r + 1 ) of the factors sin a, sin (a + 2<^) . . . are negative. 
And in this case a= 2v- P^0R = 27r-{r. 2<^ + X) [in Fig. II. 
r « 3 and PfiR = X], . •. wa = 2mr - nr — nX, where wX is less 
than IT. Hence sin wa = — sin (nr + X), and therefore is 
negative or positive according as r is even or odd, 

III. Let a be greater than 2ir; and let a=2m7r+a' 
where a' is less than 27r. And the proposition, being true 
for a by I. and II., must also be true for a. 



hesolution of cose into factors. 77 

75, In the identity 

2 sin TMt = 2* sin a . sin (a + 2^) sin (a + 4^) ... 

sin {a + (n - 1) 2^} 

write a + ^ for a, then na becomes na + n^, i,e, Tia + ^ir, and 
we have 

2 cos na = 2" sin (a + ^) sin (a + 3^) sin (a + 5^) ... 

sin{a + (27i- 1)^}. 

From this we can deduce as in Article 73 that, when 
n is even, 

2 cos na = 2" (sin* ^ - sin* a) (sin" 3^ - sin* o) . . . 

{sin* (n — 1 ) <^ — sin* a}. 
Whence, writing for na as before, we obtain 



cos 



'-('-?)(-i?)(>-i?)-- 



[The ambiguity in the sign may be removed by the 
method either of Art. 73 or of Art, 74.] 

76. Many particular identities may be obtained from 
the results proved in Arts. 73, 74. For example, in the 
identity 

2 cos na = 2* sin (a + <^) sin (a + 3<^). ..sin (a + 2n<^ - ^), 

put a = 0, and we have 

1 = 2""*sin ^ . sin 3^. . .sin (2n - 1) ^, where 2n^ = w. 

Again, in the identity 
2 bin na = 2" sin a sin (a + 2<^) sin (a + 4^) . . . sin (a + 2n<^ — 2<^), 

let a be diminished without limit, and we have 

2n = 2* sin 2<j> sin 4^. . .sin (2n<^ - 2^), where 2n^ = tt. 
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77. The two results 

sin.f=^(l,|;)(l-^Q(l-^^)... 

and cosfl=(^l-^j(l-g^j(^l-5^j... 

could be proved very shortly as follows, if the following pro- 
position were true. — If a function ofB (such as sin^) vanish 
for any value a of 0, then O^a is a factor of thai func^ 
tion of $, This proposition is known to be true of any 
rational function of 0, but it is not always true for infinite 

series like tf - ,-s + etc. ; 

[3 

-^ 1 1 

[e.g. e «* vanishes when ^=0, but the series 1 - 55 + 1^^ - etc., is 



not dijisibleby ^. De Morgan's Differential Calculus, p. 176, Lend. 1842.] 
Assuming the above proposition, it is clear that sin 6 is 
divisible hj 6, O^ir, ^±^7r, tf ± Stt, ... therefore 

Also sin does not vanish for any other real values of 0, 
por for any imaginary values of [Example, page 29]. 
Hence A does not contain 0. And hence by diminishing 
indefinitely we obtain that the value of il is 1. 

Similarly, by assuming a corresponding proposition for 

cos Of we have, since cos vanishes when = «fc ^ , or * -o- , 



or* -2- 



57r 
, ... 

2V\ A 2'e^\ A 2V^ 



cosi? = ^(l-^)(l-3^)(l-g^)... 

and as before A does not contain 6 ; hence putting = we 
get il = 1. 
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*78. Tojind ike Faetora q/" e** + e"" - 2 ca9 26 ; and of 
sink a, cosh a. 

By Art. 63, a:*" - 2aj*y cos 2a + y*" has n factors of the form 

. ^ 2nr + 2tf , • 
mr — 2xy cos + y . 

Let n be odd. The last factor is 

, ^ 2ww-27r + 2tf . 
aj' - 2aw cos + w", 

■ . 27r — 2^ 
and this is equal to »*— 2a;ycos +2/*. The last 

factor but one is 

. „ 2nir-4x + 2tf . 

ar-2awcos-^ s+V^t . 

w *^ 

and this is equal to «•- 2aw cos -^^^^^ — + v*. And so on. 

n 

Hence a"" - 2a;V cos 2tf + y*" 

= f aj'-2ajycos — + y*j x ( ic" - 2a5y cos — +y*) ^ 

2r7r ± 2tf 



...f ar-2a?ycos + y*j ... 



2n factors 



^^ 2-jr^29 

Where «■ — 2a?y cos + y* stands for the two factors 

n ^ 

/» o 2ir + 2e A/. . 2w— 2tf A 
(ar-2a;y cos + y"j far — 2a;y cos + y )• 

Now write 1 + - for a?, and 1 — for y. 

The general form of factors on the right hand is 



80 TRIGONOMETRY. 



cos , 

n 



thatiH. 2(l.^:)-2(l-J) 

that 18, 4 sin" •( 1 — = cot' > . 

n \ n ^ J 

In the resulting equation put a = 0, and we have 
sin"^ = 4 sin" — 4 sin" 4 sm" ... 



n 71 n 



Using this result to simplify the right-hand side, we 
have 

= 4 sin'tf ( 1 + -li cot*- ) ... <1 + -= cor >. .. 

In this let n be increased without limit, then 

n + - j t.e. In + - ) f becomes e^, [Art. 2.] 



[1 — ) i,e. \\\ — j I becomes e~*'. 

(l — -A i.e, \\ — j n +-j becomes^ X6"*t.c. 1. 

a* j^^TTT^d^ w* __ 

-5 cot' becomes ^ ^^ • Hence 

n' n (rir ± ^)* 

*- + e--2cos2« = 48in'<?{l+«]{l + ^^.} 



FACTORS OF SIN $ AND OF SINH z, 81 

*79. In this result put 6=0: then the limit of sin' ^ < 1 -r- r^ i 

^ I ^ J 

is a* ; and we obtain 

Next put 20 = TT, and we have 

In taking the square root, since «*-«"" has always the 
same sign as a [Art. 2], and e' + e~* is always positive, we must 
take the same sign for each side in each result. Hence 

8inha = «(l + J) (l +2^) (l + 3^.) ••• 

, /, 2V\/, 2V\/, 2V\ 
cosha = (^l +-^j [l + y^,) (1 +5.-.J ... 

80. Since ain 6 = - r^ + .-^ — etc. 

and am0 = 6(l--^(l-^,-^... 

we obtain the Algebraical identity 

Similarly, from the two expressions equivalent to cos^, we 
obtain 

I. and II. are identities, and are true for all values of 6. 
Therefore they are true if we write ^ for ^ ; also they are 
true when in the resulting identities for ^, we write — <^ 
for <l>, 

U 6 
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In tte resulting identities we may write a' for <^, then 

By the above artifice the results of Art. 77 and of Arts. 73, 
74 may be deduced the one from the other without the 
introduction of J(— 1). 

81. Many results may be obtained from the identities 

111 ir2 

Example 1. Prove that T^ + ^ + ^i'^'-'-'a* 

From first of the above identities we have 

Expanding each of these logarithms by Art. 4, we have 

In this identity we may equate the coefficients of the various 
powers of 0^. Hence 

1111 ^r^ 

12 + 2* "^3^"*" 4=^'*' 1 .2.3' 
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1 2$ 20 2d 

•Example 2. To prove cot (?=- - ^^^-^ - ^^^^rr^^ .^^^.^^_ 

By Art. 73, logBm^=log^+log^l-^^+log(l--^,^+ ... I. 

The required result may be obtained by writing ^ + A for ^ in this iden- 
tity, expanding each term in ascending powers of 0, and then equating 
the coefficient of h on each side. Now 

logsin(^+A)=logsin^ + fccot^-J^*cosec"^-etc.as in Art. 101 
log(tf+/i)=log(^(l + J)j=log^+J+J^+... [Art. 4.] 

=108 j (l -Xi) (l - i^^^ - rti&«*) i 
=1«>8 (l - ,-^) + log (l - ^a - h;;^) 

Hence, making these substitutions in 

logsin(^+A)=log(^ + /i)+log|l-^-^^'|+etc., 

and equating the coefficients of h, we obtain the required result. 

EXAMPLES. XXX. 

Proye the following statements : 

11 1 1 _, , 

W "Ji + 3! + 52 "*" 72 + -"""8»r'* 

(2) i* + 2* "^ 3* "*" 4* "*" "* ^^^*' 

,^,11.11 , . 

(3) 14 + 34 + 54 + yi + ---=?.%»r. 

(4) The sum of the products of the squares of the reciprocals 
of every pair of positive integers is y^^ tt*. 

^^ 2~i.3"3.5-5.7"* 

6—2 
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(6) When n is even 

(i) 2 * sm ^r- . sin A-. ..sm -^ — ir = 1, 
(ii) 2* cos-. COB — ...cos-^; — jr.cos-7i — ir=Jn, 

^ ' sin a \ a/ \ <7r-a/ \ w + a/ \ 2ir-a/ 

'^ (^-2;r+i) (^+3;^a) ('-s^) 

^ ' Sin a \ a/\ n-aJX ir+a/\ 2w-aJ 

C08(a-^)^/ 2^ \/ 2^ \/ 2^ \ 

^^ COS a V ir-2ay\ w + 2ay\ 37r-2a/ 

/ 2$ \ / 2^ \/ 2^ \ 
^\ 37r+2aA 5n--2aA 57r+2a>/ 

C09(a-^^ _/ 2^ \/ 2d \/ 2d \ 
(^^) cosa =V^";r:TaA ''^i^A 3i^^a; 

- . cos d+cos g _ COS ^ (g - B) cos i(a + 6) 
^ ^ 1+cosg " cos ^d cos ^d 

=./l__^^Ul ^Ui ^^1 

r (7r±a)2J V (3»r±g)2jl (5Tr±g)^/ 

where I--7 — ; — r^ stands for \l-z toMI-^-; to?-. 

(?r±a)2 \ (7r + a)2J\ (7r-g)2J 

cosd-cosg / d^f e^ ]( e^i 

(13) «?.^ + «i^« 
^ sm g 



J 



. EXAMPLES. 8") 

<»)^^£?-'-('-3('-,4,)(>^-|-.)(-sU- 

(15) From the result of Ex. (11) deduce the factors of 

cofih x+coso. 

(16) From the result of Ex. (12) deduce the £su;tors of 

cosh X— COB a. 

(17) From the result of Ex, (7) prove that 

. 1 2a 2a 2a 

Cota= 



a it'-a' 2V-a« 3Si2-a« 



2 2 2 2 

(18) tan.r=^^-2^--— +^— ^-g-p^ + etc. 



(20) 



sma a 7H-o2 2V-o«'3V-o^ 
w Stt 5ir 



4cosa 7r^-22o 3V2-2V 5V-2V "• 

(21) Since e** + c"*" - 2 cos 2a =2 cos 2t*- 2 cos 2a 

= 4 sin (a + ur) sin (a - «:c), 
deduce from the factors of sin 3 those of cosh 2^~ cos 2a. 



irx trx 



(22) :5T-il + ::iT^ + I5TT5 + etc. = :r- 



^''''^ l2 + ar«^22+^« 32 + a7-*^®^—2^ • girx _ ^-irx "" 2? • 
(24) (i+j|^^ + ^^ + ^+...) 

V4+1* 4+3a^4+5a^"7~8 ' 



(2o) cosec2^=-^2+ior-^2+i 






3Vj^ 

^a /Q2_2_/)--sVi1---- 
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♦CHAPTER VII. 
On the use of ^/(-l). 

82. "We propose now to make a few remarks on tlie 
use of ^(-1). 

^(-1) has been defined [Art. 11] as a symbolical ex- 
pression whose square is (—1), which is dubject to all the 
laws of Algebra. 

Thus the factor J(— 1) must not be considered a quaiz- 
tity but a symbol of operation. 

In the same way the factor ( - 1) is- to be considered not a quan- 
tity but a symbol of operation [cf. E. Chapter VIII.]. 

Now the laws of Symbolical Algebra are identical with 
those of Arithmetical Algebra. Consequently any general 
result in Arithmetical Algebra must be considered true for 
all values of the symbols involved, provided those values 
are subject to the laws of A Igebra. 

Conversely, when any result in Symbolical Algebra is 
capable of an Arithmetical Interpretation, we ought to ob- 
tain a result which is Arithmetically true. 
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This important principle is called the Principle of the 
Permanence of EqniTalent Forms. 

Example 1. In Ealer's proof of the Binomial Theorem for any 
value of the index, having defined / (m) we say that since 

/(TO)x/(n)=/(i»+n) 

when m and n are positive integers, therefore /(m)x /(%)=/ (m + n) 
when m and n have any values, provided those values obey the laws of 
multiplication. 

Example 2. In Art. 3 we have the following general theorem : 

„x^l a;log,a g* (log, a)« g»(log;a)8 

1 1.2 "^ 1.2.3 "**••• 

which is proved for all arithmetical values of x and a. 

Now since i, that is \/{- 1), is a symbol which obeys all the laws 
of Algebra, we may put cos a + i sin a for a in the formula ; as we have 
done in Art. 23. 

83. We have in the proposition of Art. 23 a means of 
testing the truth of this principle. For, from the result 
of Art. 23 we obtain many important results. Now we 
shall find, that we are unable by any legitimate process of 
Algebra to get any result from that of Art. 23 which can 
be proved false by some other means ; in fact every result 
obtained from Art. 23 which can be tested by some other 
process will be found to be true. 

Example. Take the results of Art. 26 and 32; in Art. 41 an 
independent proof is given of the result of Art. 26. Gregory's 
series may be proved by the method of Indeterminate Coefficientb ; 
and the student wiU find that Gregory's series and all other series of 
a similar kind, whose Trigonometrical Proofs depend on the use of 
s/i-l) and therefore on the principle of the Permanence of Equiva- 
lent Forms, can be verified by the Differential Calculus. 
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84. To those who feel a difficulty in accepting proofs 
depending on the use of J{- 1), we recommend a careful 
comparison of Art. 47 with Art. 37, and of Art. 40 with 
Art. 19. The proofs in each case are virtually the same, 
but in the one case each step is capable of apt arithmetical 
interpretation, in the other the work is abbreviated by the 
aid of the symbol J^— 1). 

^5. A complete Geometrical interpretation has been 
given to the symbol J{- 1) of which the following is a short 
sketch. The student is referred to Professor De Morgan's 
Trigonometry and Double Algebra for further information 
on the whole subject. 

Take any origin and any initial line OR, Let the 
letters a, 6, etc. be the measures of the lengtlis of lines 
expressed in some fixed unit. 

Then we make the following Convention. 

+ a is to represent a line of length a drawn parallel 
to the direction from %o R, 

J{- 1 ) a, or la, is to represent a line of length a drayv^n 
parallel to the direction from to U at right angles to OR, 

Then J{'-l){fJ{-l)o>} will represent a line drawn at 
right angles to J{-l)a of length a. That is -a will re- 
])resent a line drawn parallel to the direction from to L 
(opposite to OR), This is in accordance with the con- 
vention already laid down in elementary Algebra [E. 122]. 

66. In accordance with the above Convention a + J(- 1 ) 6 
will indicate the * sum* of two lines, one a units long, drawn 
parallel to OR, and the other b units long, drawn parallel 
to OB, 
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89 



1/ 




n 



ID 



Let 0'N=^a and NP = V(- 1) 6. 

Then we may consider O'P equivalent to a 4- J{— 1)6. 

For O'N^NP means, 'go from 0' to N and from N to 
P;' O'P means 'go from 0' to P.' [E. Chapter VIIL] 

Now O'P = JoWVpn^^ J^^Tb\ 

Thus the magnitude of O'P is what is called in Algebra 
the modulus of the expression a + J^- 1)6. 

87. Again, let a + 15 = r (cos tf + 1 sin 0), 
then r = Ja^T^=0'P, 



tan e = - = tan NO' P. 
a 



Thus (cos 6 + L8m6)r (where r is the number of units of 
length in O'P and = NO'P) represents O'P in direction 
and magnitude. 

Hence cos O + i sin ^ is a symbol of operation, and in- 
terpreted geometrically means Hum the line operated on 
through an angle ^.' 
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Hence we have immediately De Moivre^s Theorem. For 

(cos)3 + 1 sin P) (cos a + 1 sin a) r 

means first turn the line of length r through an angle a and 
then on through an angle p. This is clearly equivalent to 

{cos (a + j9) + I sin (a + j9)} r. 



EXAMPLES. ZXXI. 

(1) Prove that the two expressions 

r (cos a+ 1 sin o) +/ (cos j3 + 1 sin /9) 
and p (cos ^ + 1 sin 6) 

where p^^r^ + /^ - gr/ cos (a - /9) and tan 6= — ; j- . -^ 

'^ ^ rsma + Zsm/S 

are equivalent algebraically and geometrically. 

(2) Prove that the factor e***^ where r is a whole number, is 
a factor which does not alter the quantity multiplied. 
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CHAPTER VIII. 

The Rule op Proportional Differences, 

otherwise called 

The Theory op Proportional Parts. 

88. The logarithms in this Chapter are Common Lo- 
garithms. 

In the Elementary Trigonometry a Rule called the Rule 
of Proportional Differences was given, and it was shown 
that, assuming the Rule to be prcuitically true, we are enabled 
to use Tables of a more moderate size than would otherwise 
be necessary. [Cf. E. 218—222.] 

The Rule is as follows. The differences between three 
numbers are proportional to the corresponding differences 
between the logarithms of those numbers, provided the . 
differences between the numbers are small compared with 
the numbers. 
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In tliis Chapter we shall prove that this Hule of Pro- 
portional ^Differences is practically true as applied to the 
Table of Logarithms of Numbers, and that it is also prac- 
tically true in general as applied to Tables of Trigonometrical 
Katios and their Logarithms. 

89. The Rule a& applied to the Tables of Logarithms 
may be stated thus : 

Let n be any number greater than 10000 and less than 
100000 ; let c? be any number not greater than unity ; then 
as far as seven places of decimals the following proportion 
is true : 

log (» + c?) - log » _ c? 
log (n + 1) - log n 1* 

90. To prove the Rule for the Table of common lo- 
garithms. 

We have 
\og{n-k-d)=\ogn\l + - j =logn + logri + - j 

= logn + ,.|--2^+3-3---j- [Art. 4] 

Let n be not less than 10000 and d not greater than 1; 
also /x the modulus [Art. 7} i& '4342945... . Hence /x is 

less than 'S, - is not sreater than '0001 . Therefore 7:^ is 
n 2i nr 

not greater than i(*0001)', i.e. not greater than -0000000025; 

^ -- is much less than this. 
3 n 

Hence a/t least asfa/r as seven decimal places 

fid 



log(7i + c^) -logn = 



n 
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Similarly log (rn- 1 ) - log w = - . 



n 



Therefore \og(^ + f-H» ^ d 

log (n -h 1) — log w 1 ' 

which, proves the Rule. 

91. To prove the Rule for the Table ofnatwral smes. 

That is, To prove tliat if a be any angle, and 8, 8' angles 
not greater than 1', then 

sin (a + 8) - sin a h 
sin (a + 8') - sin a ~ 8' 

asfa/r as seven decimal places. 

We have sin (a + 8) = sin a cos 8 + cos a sin 8 

= sina{l-J8'+...} + cosa{8-i8'+...} [Art 41.] 
= sin a + 8 cos o - 18' sin a — ^8' cos a + ... . 

8 is here the circular measure of an angle not greater than 1', 
.•. 8 is not greater than -0003 [E. Ex. x. 17]; .*. J 8* is not 
greater than '00000005 and sin a is not greater than 1. 
Hence, as far as seven places of decimals in the value of the 
sines, 

sin (a + 8) — sin a = 8 cos a. 

Similarly sin (a + 8') — sin a = 8' cos a. 



Therefore ^"(^ + ^)-s^^« - .^ _ !?L 
sm (a + } — sin a o ri 



/ > 



where n and n' are the numbers of seconds in the angles 
8 and 8' respectively. 

Thus the rule of proportional difference is true as applied 
to the Table of natural sines. 
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92. It must be observed however, that when a is 
nearly Jtt, cos a is very small, and sin a approaches unity; 
so that when a is nearly ^tt, Scosa is comparable with 

^8'sina. 

Hence, when a is within a few minutes of 90* we cannot 
neglect — J 8* sin a in comparison with 8 cos a. Therefore in 
this case we must say that 

sin (a + 8) — sin a = 8 cos a — J8* sin a. 

Hence, the differences between the sines of two angles which 
are each nearly 90®, are not approximately proportional to 
the difference between the angles. The differences are then 
said to be irregular. 

It must be noticed, however, that we have proved that 
^8' sin a is less than '00000005, and as we are neglecting^ 
Jigures after seven places of decimals the term —^ 8' sin a 
does not affect the result. 

A quantity whose measure when expressed in terms of 
the unit under consideration is less than '0000001 is said to 
be insensible. 

Consequently, in the case of sines, when the differences 
become irregular they are at the same time insensible. This 
insensibility gives rise to a serious practical difficulty. See 
Arts. 106, 119. 

93. The case of the Natural cosines. 

Since cos (a + 8) = cos a cos 8 - sin a sin 8 

= cosa — 8sina — J8*cosa + ^8*sina+ ..., 

we may prove as in Art. 91 that the rule of proportional 
differences is practically applicable, to the cosines of angles 
when the differences between the angles are less than one 
minute. 
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Also, we may prove as in Art, 92 that when a is nearly 
zero the difference between the cosines are irregular, but 
insensible. 



94. 
thus : 



The above results may be explained geometrically 




Let BPU be the quadrant of a circle, radius unity. 
Let BOF be an angle nearly 90" ; draw jPi\r, FM perpen- 
diculars to OB and OU, 

Then the arc UF and the line FM approach to coinr 
cidence as the angle FOU is diminished. In other words 
the path of F differs very little from the line FM. Hence, 
when FOF is nearly a right angle the differences in FJV, 
as the angle approaches a right angle, are small when com- 
pared with the differences in the arc BF, Hence it is said 
that the differences in sin ^ when is nearly ^ir are in- 
sensible. The irregularity in the differences is caused by 
their smallness and consequently it is of little importance. 

Also since the measure of PiT is the cosine of the angle 
UOF, we can see from the same figure the cause of the in- 
sensibility of difference in the cosine of a 87nall augle. 
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95. The case of the tangent may be discussed as follows : 

/A Si\- ®^^ (^ "^ ^) _ sin ^ + 8 cos ^ — J8* sin - etc. 
tan {0 + b)^ cos {6 + 8) " cos ^- 8 sin ^- ^8' cos ^ + etc. 

_ sin ^ (1 + 8 cot g ~ P' - etc. ) 
~ cos 6/ (1-8 tan ^-p^ + etc.) 

hence^ neglecting higher powers of 8 than the second, we have 

tan (6 + 8) = tan ^ (1 + 8 cot ^ - 18*){1 - (8 tan ^ + J 8')}"* 

= tan ^ (1 + 8 cot ^ - J8*) (1 + 8 tan ^ + P*+8Han'^) 
= tan^{l+8(cot^ + tan^) + 8*(l+tan*^)} 

= tan^ + 8sec*^ + 8«-5^, 

cos^ 

Jlence, unless sin sec' is large, we have 

tan (6 + 8) -tan 6 = 8 sec' ^, 

which proves the rule in this case. 

96. Suppose that the Table of tangents is calculated for 
every minute. Then the largest value of 8 (as in Art. 91) 
is '0003 nearly. Hence the greatest value of 8* sin 6 sec* 
is (-00000009) sin $ sec* nearly. So that when 6 is greater 
than J^ we are liable to an error in the seventh place of 
decimals. Hence the Bule is not true for tables of tangents 
calculated for every minute, when the angle is between 45" 
and 90". 

97. It follows immediately from Art. 95, since the 
cotangent of an angle is equal to the tangent of its com- 
plement, that the Rule must not be used for a table of 
cotangents, calculated for every minute, when the angle 
lies between and 45". 
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98. The case of the secant. 

1 



sec(^ + 8)=- 



cos(^ + 8) coB^(l--Stan^-J8'+...) 
= sec ^{1 + Stan tf + 8» (J + tan* tf) + ...}. 
Hence, neglecting powers of S above the second, 

sec(^ + 8)-sectf = 8sintfsec"tf + S»(i + tan*^)sec^. 

Whence it may be shewn that the differences are irregiUa/r 
but insensible when the angles are very small, and they are 
irregular but large when the angle approaches a right angle, 
and that with these exceptions the Kule of Proportional 
Differences is trua 

99. The case of the cosecant. 

The cosecant of an angle is the secant of its complement. 

100. The Bule of Proportional Differences is particularly 
of importance in practical work. In Practice the Logarithms 
of the Trigonometrical Satios are more often used than the 
Ratios themselves. It is therefore particularly important to 
consider whether the Bule is true with respect to the Logs 
of the Trigonometrical Ratios. 

10 1. To consider the case of the "L sine. 

log sin (^ + 8) = log {sin tf + 8 cos ^ - 1 8* sin ^ - etc. } 
= logsin^{l+8cottf-J8*-etc.} 
= log sin ^ + log{l + 8 (cot ^- p- etc.)} 
= log sintf+ft8(cot^-i8-...)-|ft8'(cottf-J8-. ..)»+... 
= logsin^ + ft8cottf-|^fi8*{l+cot»^}+... 
= log sin ^ + ft8 cot tf - Jft8' cosec" ^ + .... 
Hence, omitting higher powers of 8 than 8", we have 
Z sin (tf + 8) - Z sin ^ = ft8 cot ^ — Jft8* cosec" 6, 

L. 7 
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If the Tables are calculated for every ten seconds, 8 is not 
greater than '00005, and therefore, unless cot^ is small or' 
cosec" large, we have L sin (^ + 8) — Z sin — fiZ cot 6 as 
far as seven places of decimals, which proves the Rule to be 
generally true. 

102. When B is small, cosec is large. Suppose that the 

Tables give the' Zsin of every 10". Then 8 is not greater 

than the circular measure of 10", which is '0000484... 

and /A is not greater than |. Hence Jft8*cosec'^ is 

, 6 cosec' tf T 1 1 1 . 
not greater than — ^7110 — • ^^ order that this may not 

affect the seventh decimal place 6 cosec* 6 must not be greater 
than 10', that is $ must not be less than about 5^ 

Also when is small, cot is large. Hence when the 
angles are small, the differences of consecutive L sines are 
irregular and they are not insensible ; so that the rule of 
Proportional Parts does not apply to the L sine when the 
angle is less than 5^ 

103. When is nearly a right angle cot 6 is small and 
cosec 6 approaches unity. 

Hence when the angles are nearly right angles, the dif- 
ferences of consecutive L sines are irregular but they are at 
the same time insensible. 

104. The case of the Table of L cosines. 

SimUar conclusions concerning log cos ^ may be inferred 
from the formula 

logcos(^ + 8) = logcosi9 + /A8tan^- JS'sec'tf + 

The differences in this case will be irregular and large 
when is nearly a right angle, and irregular and insensible 
when is nearly zero. This is also clear because the sine of 
an angle is the cosine of its complement. 
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105. We find then that the Rule of proportional differ- 
ences cannot be applied to interpolate between the L sines 
of angles which differ by 10", when the angle is less than 5®. 
Three methods have been proposed to replace the Eule. 

I. The simplest plan is to have Tables giving the 
L sines for each second, for the first few degrees of the 
quadrant. 

II. In the following method we require a Table of the 
same size as that in method I., but it is a Table in which the 
differences are insensible. Accordingly we can with this 
table calculate the log sine of an angle which lies between 
two consecutive seconds. The method is as follows : 

Let be the circular measure of n seconds. Then when 
is small ^ = 7i . sin 1" very nearly. Hence 

^ sin^ , sinrj" , • // i i - ^„ 

log -J- = log ^j^g^p = log sui w - log w - log sin 1"; 

. •. Z sin n" = log — ^ + Z sin 1" + log n 

BinO 



= logw+riog— ^— +Zsin r'j . 



Hence, if a table is constructed giving the values of 

siaO 



(log^^isml") 



for every second, for the first few degrees of the quadrant, 
we can, when the angle is known, find the value of 

, sin tf . - „ 

log — ^ + Z sin 1 

from this table, while the value of log n can be found from 
the ordinary Table of the logs of numbers. And hence 

L sin n'^ can be found. 

7—2 
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' /I 
Moreover — ^— :^ 1 — 4.^ + higher powers of $, and 6 is 

by hypothesis the circular measure of an angle less than 5^, 
• /\ 

so that —^ = 1 — ^^' approximately. Hence the differences 

in log — ^— when is small, will be insensible (i. e, will not 
affect the seventh place of decimals in the result). 

[For, log?^t«)-log^=log{l-H<' + »)»}-log(l-i»^ 

the largest term in which, is -^0, i.e. the product of two small 
quantities.] 

Therefore we shall not introduce any sensible error in 
a result obtained from the formula 

L sin n" = log n + f log —^ + Z sin 1" J 

• /\ 
if we take the nearest value of log — ^- +Zsinl" in the 

Table. The ordinary table gives the value of log n. Hence 
we can fiud Z sin n" even when n is not a whole number. 

III. Maskelyne's Method. [This method is used in the 
absence of the special Tables required in 1. and II.] 

When is small, we have 

sintf=^(l-i^»); costf = I-J^«; 

. •. ^- = 1--=(1-J^)4 approximately, 

= (cos 0)^, neglecting higher powers of than ^. 

Hence log sin ^ = log ^ + J log cos 0. 

Now, when is small the differences of log cos are in- 
sensible (Art. 104), and if ^ be given we can therefore find 
log sin at once. 
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If we are given log sin 0, we must first find from the 
table tHe nearest value of 0, and thence find a value of 
log cos $ which wiU not sensibly differ from the exact value, 
and then we get 

log = log sin ^ — ^ log cos 0, 

and we thus get a second approximation for the value of $. 

With the table of L tangents we proceed thus : 

log tan = log sin — log cor $ 

= log ^ — f log cos 6 approximately from above, 

and this result may be used in a similar manner. 

ExAMFLB 1. IfHnd L sin VB0'21"'2. 

Let X seconds = e radians. Then t« = 180 x 60 x 60 e ; 

.-. log ^=log a; + 6-6856749. 

Here 1030'27"-2 = 6427-2 seconds ;.-.«= 6427*2. 
.-. 10+log^=log6427-2 + 4-6866749; 

.-. L sin ^=3-7346758 + 4-6856749 - 4 (-0001604) 
=8-4201006. 

Example 2. Find when L sin ^=8-1021832. 

From the Tables by the ordinaiy Bnle we find ^=43'30". 

Hence if a; be the number of seconds m 

10+log ^=loga; + 4-6856749=Ii sin ^+ J (L sec ^-10) ; 
.-. log a;= 8-102832 + 5-3144251 + i ( -0000348) 
= 3-4166257 = log 2609-88 ; 
.-. ^=43'29"-88. 

The student shonld notice the equation 

10 + iog ^ = log X + 4-6855749. 
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EXAMPLES. XXXn. 

(1) Find the following Tabular Logs, 

(i) X sin l044'36''-8. (ii) Xsin39'8"-4. (iii) X tan l044'36"-8. 

(2) Find the angle 6 from the following equations : 

(i) Xsind=8-4832462. (ii) Z sin d= 8-2089620. 
(iii) Z tan d= 8-4834473. 

(3) Prove that, if n be the number of seconds in an angle 

Ztand=logw+4-6855749 + S(Zsecd-10). 

106. In practical work it is always advisable to avoid 
as much as possible that part of a Table in which the differ- 
ences are insensible. For example, a slight error in the 
calculation of the sine of an angle nearly 90*^ would entail a 
large error in the derived magnitude of the angle. This 
point is of such great practical importance that we have 
treated it at some length in the next chapter. 

107. The preceding articles afford examples of an im- 
portant general principle which is of great use in higher 
mathematics. 

If a continuous function of a variable x increases as x 
approaches a certain value a, and begins to diminish directly 
X has passed the value a, then the ratio of the differences of 
the function to the corresponding small differences in the 
variable x will diminish and approach to zero as a limit 
when X approaches a. 

Thus, sin d is a continuous function of 6 which increases 
as approaches ^ir, and it begins to diminish directly has 
passed through the value ^ir ; hence, as is proved in Art, 92 
the ratio of sin (^ + 8) - sin ^ to 8 tends to become insensible 
as 6 approaches ^tt. 
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108. To sum up the Eesults of this Chapter. 

The Rule of Proportional Differences may be used with- 
out sensible error in the following cases : 

L For a Table of Common Logarithms giving the logs 
of all numbers from 10000 to 100000. 

II. For a Table of Trigonometrical Ratios calculated for 
intervals of one minute from 0° to 90°. 

Except in the case of 

the tangent and secant of angles greater than 45^, 
the cotangent and cosecant of angles less than 45°. 

III. For a Table of the Tabular Logarithms of Trigono- 
metrical Eatios calculated for intervals of 10" from 0° to 90°. 

Except in the case of 

the L sines and L cosecs of angles less than 5°, 

the L cosine and L secants of angles greater than 85°, 

the L tans and L cotans of angles less than 5° and 
greater than 85°. 

109. The results of this Chapter may also be obtained 
without actual reference to the expcmsiona of sin 6 and cos 
in terms of 6, by the aid of the fact that the difference be- 
tween sin 8 and 8 is less than ^8^ j so that when 8 is less than 
1 degree, sin 8 and 8 differ by less than '0000008. 

The method of procedure is suggested in the following 
examples. 
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EXAMPLES. 



:«:♦:« 1 1 



[In these examples 8 is the circular measure of any angle 
less than 1'.] 

(1) Prove that sin (d + d)-sind=sin5cosd(l-tandtanid) : 
Hence prove that as &t as seven places of decimals 

sin(d + 5)-sind=dcosd. 

(2) Prove that cos (^ - d) - cos ^ == sin d sin ^ (1 - cot ^ tan ^) : 
Hence prove that as far as seven places of decimals 

cos (d-d)- cos d=d sin 6. 

(3) Prove that 

Hence obtain the results of Arts. 95, 96. 

(4) Prove that cot (^ — d) - cot ^ = A cosec* 6 approximately. 

(5) Prove that 

/>! ^N A tanasind(l+tanidcotd) 

sec(d + a)-secd= g../ . — ^f — ^r— ^ : 

^ ' cos^d (1 - tan 6 tan d) 

hence prove, except when B is small or nearly equal to ^, that 

sec (6 + 8)- sec d=S8in dsec^ 6, 

(6) Prove as in example (5) that 

cosec (3-8)~ cosec B=d cos B cosec^ 6, 
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CHAPTER IX. 
On Ebbobs in Fbactical Wobk. 

110. We have already [R 217, 227] called the student's 
attention to the approximate nature of all observed measure- 
ments. 

Example, Let the stndent take any weU-defined length, say 
of 6 or 7 inches, and attempt to ascertain its measure, say to the 
hundredth part of an inch ; and let him repeat the process at another 
time with different instmments. He will find that unless he makes 
his measurements with the utmost care, and unless his instruments 
are very accurately constructed, his two results will in all probability 
be different. 

Such an observation as the above even when made with the 
greatest care can only be taken as correct to three aignificant figures. 
If the measurement has to be made correct to a thousandth part of 
an inch or to any higher degree of accuracy, the student will easily 
understand that it wiU be necessary to employ specially constructed 
instruments. The ordinary diagonal scale or vernier cannot be read 
with accuracy to the thousandth part of an inch. 
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111. The student must carefully distinguish between 
mistakes and errors. By taking sufficient trouble a calcu- 
lation can always be made to attain any required degree of 
accuracy; so that in what follows we are not concerned 
with mistakes or inaccuracies in calculation at all. 

112. An error may be defined as follows. 

Suppose an observation made and the result known to 
be accurate as far as a certain number of significant figures, 
according to the degree of approximation thought necessary 
or possible, under the circumstances. 

The measure taken may possibly give the magnitude of 
the quantity with absoliUe accuracy, we cannot say whether 
it does or not. What we do know is that the difierence 
between the actual magnitude of the quantity and the as- 
sumed magnitude is less than a certain qv^antity. This 
quantity is the possible error; and it should be so small 
that it is either considered of no importance, or is beyond 
the limit of observation in the circumstances of the case. 

113. It is clearly not necessary to carry our calcu- 
lations to any higher degree of approximation than that 
represented by the assumed measure. 

114. In the practical application of Trigonometry to En- 
gineering and Land Surveying we are concerned with two 
different kinds of measurements. (1) The measurement of 
lines. (2) The measurement of angles. The measurement of 
a line of any length with anything like the accuracy of five 
or six significant figures is a very difficult and tedious opera- 
tion, and is but rarely performed. We know that by the 
methods of Trigonometry the known length of one line may 
be made the basis of the calculation of the lengths of all 
other lines in the survey of a country. 
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115. The importance of an error in linear measure- 
ment is generally measured by the ratio of the error to the 
estimated length of the distance under consideration. 

Example. The problem of calonlating the distance of the Sun's 
centre from that of the earth is beset with snch great practical 
difficulties, that astronomers are only able to say that it is dbout 92 
millions of nules. If we knew the distance to within a hundred thousand 
nules, that is, to within about a thousandth part of the distance we 
should consider the distance to be known with wonderful accuracy. 
In a distaz^ce of this magnitude an error of a few thousands of miles 
is of no importance. 

The importance of an error in angular measurement 
depends in general simply on the magnitude of the error. 

116. If the measure of any length is known accurately 
to seven figures it is practically exact. In other words it 
is known to within the limits of observation. 

Example. A base line on Salisbury Plain measured with extreme 
care for the purposes of the Ordnance Smrey in England is about 
36578 feet in length, and the error is considered to be certainly less 
than 2 or 3 inches. That is, the error is less than a hundred 
thousandth part of the whole, and the measurement has been made 
correct to six significant figures. 

The greatest accuracy possible in the measurement of 
angles is attained when the error is known to be not much 
greater than the tenth part of a second. The tenth part of 
a second is about the two millionth part of a radian. This 
degree of accuracy is only attainable under special condi- 
tions and with the largest and best instruments. 

117. It sometimes happens in the course of a calcula- 
tion that an error rises in importance in consequence of its 
being multiplied by a very large number. 
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We may illustrate this by an example. 

The height ^ of a tower is ascertained by measuring a 
horizontal line a from its base and observing the angle of 
elevation of the top of the tower from the end of that 
line. 

Then we obtain h = a tan 0. 

Now supposing that we are liable to an error not greater 
than 8 in the observed magnitude of $ we require to know 
how this wiU affect the accwracy of the calculated height h 

We know that the error in does not exceed 8. Hence 
we know that the consequent error in h cannot exeeed k 

where h'\-k = a tan {$ + 8). 

Hence k = a {tan (^ + 8) — tan 6} 

= ah sec' B neglecting squares and higher 
powers of 8. [Art. 95.] 

Hence the ratio of the error k to the calculated height h is 

8 28 

sin 6 cos sin 20 ' 

118. The above result is very instructive. 

Suppose the measurements are made with the greatest 
possible care so that 8 is beyond the limits of observation 
and may be neglected. 

Then we see that in general the importance of the 
possible 'error' in the calculated height, i,e. 28cosec2^ 
is, in general, comparable with 8, and is therefore very 
small. Also this error is least important when cosec 20 is 
least, i. e. when is Jtt. 
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There are two cases however when the error may become 
of sufficient importance to render the result practiccJly in- 
accurate. I. when is small, II. when $ is nearly Jir. 

In the first case the error itself is not large but it is 
large compa/red tjoith the height to be measured. 

In the second case the error itself is very large, and 
although the height to be measured is large compared with 
the base a, the importance of the error is also large com- 
pared with 8. 

It is a difficnlty of this latter kind which renders the estimated 
distanoe of the snn from the earth so nntmstworthy. 

119. We have seen that the ratio of the difference in the 
sine of an angle to the difference in the angle, is small when 
the angle is nearly ^tt. That is to say, to a small error in the 
sine would correspond a large error in the angle. Now, if 
the sine of an angle has been calculated from observations, 
and it is found that the value of the sine is nearly unity, 
we could not without risk of a large error use the value of 
the angle obtained from the Tables. For, our observations 
m'e hnown to be liable to errors (whose magnitude depends 
on the instruments used, etc.), and therefore the calculated 
value of the sine under consideration is liable to an error 
of the same kind. Consequently the calculated value of the 
angle would be liable to a much larger error. And this 
larger error would possibly affect all results in which the 
magnitude of the angle was used. 

Accordingly in practical work an observer would when 
possible arrange his measurements so as to avoid such a 
difficulty — in the working out of a problem — as the necessity 
for obtaining from the value of its sine, the magnitude of 
an angle nearly equal to a right angle. 
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120. The method of Art. 117, which may be applied 
generally, is of very great importance in practical work; 
for an observer can often in this way discover beforehand 
whether any proposed arrangement of his measurements is 
defective and likely to give unreliable results. 

Thus; if the measure of a distance or of any trigono- 
metrical function of an angle be found by means of observed 
angles and distances, the result is expressed by some formula 
containing the Trigonometrical functions of the observed 
angles. If a small error 8 be known or suspected in an 
observed angle Oy we can find the consequent error in the 
calculated distance by expanding this formula by the 
methods of the last chapter in ascending powers of 8. 
Then, 8 being so small as to be detected with difficulty, S' 
and higher powers of 8 must be quite beyond the limits of 
observation. We can in this way estimate the importcmce 
of a small error in observation. 

Example. A vertical pole a feet high stands on the top of a diff, 

and from a point on the shore the angles of elevation a and p of the 

top and bottom of this pole are observed. The height of the cliff h is 

-. 1- si^ /3 cos a _„ ,-.. , 

given by h=a ^^._Q^ • [E. lxxii. (9).] 

Now suppose an error 8 to have occurred in the observed measure- 
ment of the angle a, required the consequent error h' in the calcu^ 
lated height of the cliff. 

sm(a-/3 + 8) 

__ a sin /S {cos a - 5 sin a - etc. } 
~ sin (a - /3) + 8cos (a - /3) - etc. 



asm/3cosa {1-dtana} , ,. ^ . 

= —' — r— -«T- -rr—i — in — hr. negleotmg 3« etc. 
sm(a-/3) {l-5cot(a-/3)} ^ ^ 

a sin B cos a ,^ _, ,,^ _ . , _. , 
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Thus the ratio of the error to the estimated height is 

5{cot(a-/3)-tana}. 

EXAMPLES. XXXIV. 

(1) A triangle is solved from the given parts A,b,c; if there 
is a small error d in the angle A prove that the consequent error 
in the calculated area of the triangle B is approximately 

^bbc cos A . 

(2) A triangle is solved from the given parts A,byC; if there 
is a small error d radians in A, prove that the consequent error 
in jB is -b sin B cos CcosecA radians. 

(3) If the sides of a triangle be measured and a small error 
c' exist in the measured value of c, prove that the consequent 
error in the diameter of the circumscribing circle is 

</ cos A cos B 
sin J. sin ^ sin (7* 

(4) The height and distance of an inaccessible object are 
found by observing the angles of elevation a and /3 at two points 
A and ^5 in a horizontal line through the base of the object, the 
distance between A and B being known ; if the same error be 
made in each in consequence of an imperfect observation of the 
horizontal, show that the ratio of the error in the calculated 
height of the object to the calculated distance is 

tan(a + /3) : 1. 

(5) The area of a quadrilateral AOBQ right-angled at A and 
^ is to be determined from observations of the angle AOB, and 
the length {p and q) of OA and OB. Prove that the area is 

i {2ab - (a^ + h^) cos 6} cosec 6, 

and that if a small error 8 be made in the observation of the 
angle AOB the consequent error in the area is 

id . AB^. cosec* AOB, 
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(6) If the angles of a triangle, as computed from slightly 
erroneous measurements of the length of its sides, be A, B, C, 
prove that approximately, a /3 y being the errors of the lengths, 
the consequent errors in the cotangents of the angles are propor- 
tional to 

ficoaC + ycosB-a, ycos-4+«cosC-ft aCOSjB+/3cos^-y 
divided respectively by sin ^, sin 5, sin (7. 

(7) It is observed that the altitude of the top of a moun- 
tain at each of the points AB and C where ABC is a horizontal 
triangle is a. Shew that the height of the mountain is 

^atanacoseCwi. 

If there be a small error n" in the altitude at C the true 
height is very nearly 

, atang ( cos (7 sinn") 

^ ' sin J. \ sin ^ sin j5 * sin 2a J ' 

(8) If in a triangle ABC the observed lengths of a, b, c are 5, 
4, 6 and there is known to be a small error in the measurement 
of c, determine which angle can be found from the formula 

with the greatest accuracy. [Result. A.] 



CHAPTER X. 

Examples of the Application of Trigonometbt to 

Geometrical Problems. 

121. In this chapter we shall use the following notation : 

i>, Ey F are the feet of the perpendiculars drawn from 
the angular points Ay B, C of the triangle ABC to the 
opposite sides. 

AD, BE, OF intersect in a point P which is called the 
orthocentre of the triangle ABC. 

DEF is called the pedal triangle of the triangle ABC. 

A'B'C* are the middle points of the sides BC, CA, AB. 

AA\ BB^, CC intersect in a point G, which is called the 
centre of gravity of the triangle ABC. 

7, 7j, /j, /g are the centres of the inscribed and escribed 
circles of the triangle ABC ; r, r^ r^, r^ are their radii. 

[E. 276, 278.] 

is the centre of the circumscribing circle and B its 
radius. 

The circumscribing circle of the triangle BEF passes 
through A'B^C and through the middle points of each of the 
lines FAy PB, PC. It is called the nine-points circle. We 
shall denote its centre by N. 

[Proofs of the propositions referred to above may be found in the 
appendix to Todhunter's Euclid.] 

L. 8 
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Example 1. To prove that P, N, G and are in one straight line; 
and that PGr=2GO=4NG, i.e. that N is the point of bisection, and G a 
point of tnsection of TO, 




N is the centre of a circle passing throngh D and A'. Therefore 
N lies in the line bisecting DA' at right angles. This line produced 
bisects OP. Again, the nine-points circle passes through E and B', 
therefore its centre 2^ lies on the line bisecting EB' at right angles. 
This line produced also bisects OP. Therefore N is the middle point 
of OP. 

. . . „ AE AE c cos A 

Again 



AP— 

cos PAE 

AP=2RoobA. 



sin C sin C 



But 



OA'=R cos BOA'=R cos A ; 

AP=20A\ 
Hence if AA' cut PO in G, AG : GA'=PA : 0A'=2 : 1 ; 
.'. AG=2GA' or G is the centre of Gravity. 
Also PG :G0=PA:0A'=2:1. q.e.d. 
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122. It is often convenienty in attempting the solution of 
a geometrical problem, to express the lengths of lines involved 
each in terms of some common unit. When the problem 
is one concerning a triangle, the Badius of the Circum- 
scribing circle may be employed as the unit. Its con- 
venience is shewn by the symmetry of the following re- 
sults: — 

EXAMPLES. ZZZV. 

Prove the following statements : 

(1) a»2£sin^ b=2BamBy c^2RsmC. 

(2) 8=B (sin A+BmB + sin (7) =4^ cos ^il . cos ^B . cos ^C. 

(3) r==4Bem^A . sin ^B . sin j^. 

(4) ri=4Ban^A, cos iB . cos iC 

(5) ^2)=25sinJ5.sin(7. (6) P2)=2i2cos^.cosC. 
(7) AF=2B COB A. (8) OA'=R ooa A, 

(9) ^-= 2B^ sin ul . sin ^ . sin C. 

(10) The radius of the nine-points circle = ^R. 

(U) The sides of the triangle DBF are i2 sin 2A, R sin 2^, 
iZ sin 2(7. 

(12) The area oiDEF=^\B^ sin 2^ . sin 25 . sin 2(7. 

(13) BD=\R{2co&BmiC+smA). 

(14) dN=^]iRQOB{B-C). 

(15) The distances of the centres of the escribed circles from 
that of the inscribed circles are 

4i2sinJ^, ^Ksin^J?, 4/2 sin ^(7. 

(16) -4 ^'=fi (sin -5 + sin (7 -sin J), where E* is the point in 
which the inscribed circle touches ^i (7. 

8—2 
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Example, To prove that the nine-points circle touches the inscribed 
circle. 

Draw ID' perpendicular to JBC and NJf perpendicular to IDf. 




(I)- 



Again 



and 



Then (see Figure on page 117) 

J^d= J (PD + 040= J (2J2 cos fioosC+J2 cos J) 

= iJ2cos(B-C); 
HI=D'I-dN=r--iE<iOs{B-C)..., 

Bd=i {BD -^ BA')=i E {2 cos B an C-^ an A), 
Biy=8-h=B{BmA-BmB + BmC). [£.280.] 
irZV=il2(2ooB£sinC-sinJ+2sinB-2BinC) 

=JB {sinJ5-BinC-isin(J5-C)} (II). 

Hence IJ^«=r« + (i i2)'--Rr cos (5- C)+12M(sin5- sin C)« 

- (sinB - sin C?) sin (B-C)}. 

The last bracket is equal to 

jR2(sinB-BinC7){2cosJ(B + C7)sinJ(B-C)-2sinJ(B-C)oosJ(B-C7)} 

=B«4coBj(B + 08in2J(B-t?){cosJ(B + C)-cosJ(B-C)} 
= -8B2sin«i(B-C)BinJjl .sinJB.sinJC [xxxv. (3).] 

= -2i2rBin«J(B-C7).-=-Br{l-cos(B-C)}; 
IK'=j^+{iR)'^-Rr=(r-iR)^ 

That is, the distance between the centres of the drcles equak the 
difference of their radii q.b.x>. 
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EXAMPLES. XXXVI. 

Prove the following statements: 

[1) The radii of the circles «ircumscrihing A£F, BFD, CDE 
are respectively R cos A^ R cos B^ R cos (7. 

[2) ^7=45 sin i^. sin i(7. 

[3) ^ir«=J^(3+2cos2^-2co6 2^-2cos20- 

[4) 0P=B^-2Rr. 

6) OP2=^(l-8cos^,cos^.cosC)=9/P-a2-6«-c2. 
[7) /P2=4K«(8sin2J^.sin2i5.sin«it7-co8^.cos^.cos(7). 
[8} The area of the triangle 

• 7(?P=-2^sini(^-(7).sinJ((7-J[).sini(^-2?). 
(9) 7iiP=(ii2+ri)^. 
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123. To prove that the orthocentre is the centre of the 
circle inscribed in the triangle DEF^ 




The circle of which PC is diameter passes through E 
and D, Therefore the angle EDO = EPC = the complement 
of FOE == A. 

Similarly FDB = FFB^EPG = A. 

Therefore FDE = 90* - J = PDF, 

Therefore P is the centre of the circle inscribed in DEF, 

Similarly A, £, are the centres of the escribed circles 
of the triangle DEF. 

EXAMFLCS. XXXVn. 

Prove the following statements : 

(1) ABC is the pedal triangle of the l^angle lil^Iz* 

(2) The radius of the circle circumscribing Iil^^ ^ ^^* 

(3) DEF is the pedal triangle of the triangles APB, BPC, 
CPA, 

(4) The radius of the circumscribing circle of the triangle 
APB^R. 

(5) The circle circumscribing DEF touches the circle in- 
scribed in ABP, 
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MISCELLANEOUS EXAMPLES. XXXVm. 

> 

Prove the following statements : 

(1) If a new triangle is formed by joining the centres of the 
three escribed circles of a triangle ABC the distances of the 
centres of its escribed circles from the centre of its inscribed 
circle are 

SEami{B+a\ 8/2 sin i ((7+ .4), 8Rsmi{A+B). 

(2) The areas of the triangles /1/2/3, ^2/3/, V^n ^hh ^"^ ^ 
one another inversely as the ratio of r \ r^ \ r^ ; r,. 

(3) The radii of the escribed circles are the roots of the 
equation (^ + 8^) {x-r)— ^Ra^, 

(4) PA, PB, PC are the roots of the equation 

^ - 2 (R+r) A-2+ (r2 - 4R^+8^) a:-2R{s^- (r+2^)2}=0. 

(5) If jt?i, J»2> Put "'Pi ^^ ^^® perpendiculars from ABC and 
P on the sides of the triangle DBF, then Pu P29 P31 Pi are the 
roots of the equation 

^ - 2Rai^+ (~ - 2^/ - ^2^ ^ - ^^ r'2=0, 

where / is the radius of the circle inscribed in the triangle DEF. 

(6) The area of the triangle formed by joining the points of 
contact of the inscribed circle is 

2i22 sin ^ . sin jB . sin (7. sin ^A . sin ^B . sin ^C. 

(7) If the points of contact of each of the four circles touch- 
ing the three sides of a triangle be joined, and the area of the 
triangle thus formed from the inscribed circle be subtracted from 
the sum of the areas of those formed from the escribed circles, 
the remainder will be double the area of the original triangle. 

(8) If J?i, R2, R3 are the radii of the circles BGC, CGA, 

AGB, then 

^b^-c^ h^{c^-a^) c^(a^-h^) 

R\^ ^ Ri^ ^ R^^ ~^' 
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(9) If X stand for AI, y for BI^ z for CI, then 

a^a^ + 6y + c*2* + (a + 6 + cf ahjH^ = 2 {62c2y222 + c2a2 A-* + aWsi^y^}, 

(10) If lines join the points of contact of each escribed circle 
of a triangle ABC with the produced sides and these lines 
form a new triangle, then the lines joining the corresponding 
vertices of the triangle are perpendicular to the sides of the 
former triangle and are equal to the radii of the escribed circles. 

(11) Given the circumscribed and inscribed circles of a tri- 
angle, prove that the centres of the escribed circles lie on a fixed 
circle. 

(12) The sum of the reciprocals of the perpendiculars of a 
triangle is equal to the sum of the reciprocals of the radii of the 
escribed circles. 

(13) If from a point P perpendiculars PX, PJ/", "PN are 
drawn to the side, of the triangle ABC, prove that twice the area 
of the triangle LMN={B? - {POf) sin A sin B sin C, 

(14) The centres of the escribed circles must lie without the 
circumscribing circle, and cannot be equidistant from it unless 
the triangle is equilateral. 

(15) r3//i . 7/2 . 11^^ I A^ . lE^ . ICK 

(16) The area of the triangle whose angular points are the 
points of contact of the inscribed circle is to the area of the tri- 
angle ABC as r : 2/2. 

(17) If DEF are the points of contact of the inscribed circle 
with the sides of the triangle ABC, then if AD^ BE\ CF^ are in 
A. P., a, &, c are in H. p. 

(18) From DEF perpendiculars are drawn to the adjacent 
sides of the triangle ABC ; prove that the feet of these six per- 
pendiculars lie on a circle whose radius is 

R (cos^ A cos^ B cos^ C+ sin^ A sin^ B sin^ C^, 
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(19) If on one side BC of a triangle ABC a triangle A'BO 
is described without it such that the angles BA'C, CBA!^ A'GB 
are equal to o/3y respectively, then 

ji^'2 sin a = sin /3 sin y (a^ cot a + 6^ cot /3 + c * cot y + 4 A). 

(20) If a triangle be cut out in paper and doubled over so 
that the crease passes through the centre of the circumscribing 
circle and one of the angles A, the area of the doubled portion is 
^ sin' C cos (7cosec {2C-B) sec {C- A), C being greater than B. 

(21) If 10= IN", prove that one angle of the triangle ABC 
is 600. 

(22) If two of the angular points and the radius of the cir- 
cumscribing circle of a triangle are given, the loci of the centre 
of the nine-point circle and of the ortho-centre are circles. 

(23) Prove that a triangle can be constructed whose sides 
are a cos A, h cos B^ c cos C and that its area is 

2a . cos A . cos ^. cos (7, 

(24) If iZj, iZg, iZg are the radii of the circumscribed circles 
of BIC, CIA, AIB, prove that R^^ . R^^ . R^^^R^ .AI.BI. CL 

(25) If the two straight lines which bisect the angles A and C 
of a triangle ABC, meet the circumference of the circumscribing 
circle in R and S, then RS is divided by CB, BA into three 
parts which are in the ratio 

sin'JJ[ : 2sin J^ . sin Ji? . sin J(7 : sin^^C 

(26) If a point be taken in an equilateral triangle such that 
its distances from the angular points are proportional to the 
sides of a triangle ABC, the angles between these distances 
will be j7r + -4, Jtt-H-S, Jtt + C. 



(27) tan7Q7,^± ^(f^T"'^^ 
^ ' ^ 2 COS ^ - 1 



CHAPTER .XI. 

On the Use of Subsidiary Angles to facilitate 

Numerical Calculation. 

124. In the Elementa/ry Trigonometry y Art. 186, we 
have shewn how the Tables may be made use of in the 
solution of Simple Trigonometrical Equations. 

It is usual to shew tow the Tables may be made use 
of to facilitate the calculation of the roots of quadratic and 
cubic equations. 

The solution of such equations is however rarely required 
in practical work, so that the method is not of much practical 
importance. 

125. To obtain tlie numerical values of the roots of a 
quadratic eguation. 

I. Let the equation be a" - 2px + 5^ = 0, where p and q 
are positive. 

Solving, we obtain 



-{'VO-f-)}- 
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First, let q be less tban jp'; then we can find from the 

Tables an angle a snch that sin'a= ^. 

P 

Whence we obtain 

x = p{l ±cosa}. 

SecoDdly, let q be greater than p^ ; then we can find 

from the Tables an angle a snch that sec' a = -^ , then 

P 

x=p{l ±^(-1) tana}. 

II. Let the equation be a:* + 2px + q = 0. Then the roots 
of this equation are equal to those in Case I. with the signs 
changed. 

III. Let the equation be as" — 2px — g = 0. 
Solving, we obtain 

We can find from the Tables an angle a such that 

tan'a = -^ , 
P 

and then x =p {1 tt seca}. 

IV. The roots of a:' + 2px — g^ = are equal to those of 
Case III. with the sign changed. 

Example. Calculate the value of the roots of the equation 

a;«-3-4661a;- 7-6842=0. 

3-4651 L ' //- 4x7-6842\) 
Solvmg, x= -g— |1 ± /y/ (1+ (3.4651)' ;!' ' 



X 
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„ . 30-7368 

. ^^^ **^'»=(3^465ip' 

.•. Ztano=log30-7368-21og3-4651 + 10 

= 10-3067240; 

.-. a^63M0'65"5 

.-. a? =1-73255 {1± 2-265356} . 

126. The student will observe that this method is the 
same as that of adapting the expression j9 |l'*=*/(l + "^}') 

to Logarithmic calculation by means of the Trigonometrical 
Tables. 
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Solve the equations : 

(i) ^+3-4160? -8-794=0. 
(ii) ^2 _ 7-941a?+ 2-7001 =0. 

127. To obtain the numerical value of the roots of a 
cubic eanation. 

Let the equation be 

x^ + Zpx* + Zqx + r = 0. 

Write y-p for a5, and the equation becomes 
y»-3(/-g)y + (2/-3;>^ + r) = 0. 

Therefore any cubic equation can be transformed into 
another in which the second term is wanting. 
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Hence we may take as our standard equation 

To solve this "write nt/ for x, thus 

w'y - 3any + 6 = 0, 
- Say b ^ 

But, if a be any angle, we have (E. 167) 
cos'a - f cosa — J cos3a = 0. 

Hence, if we find a such that 

cos 3a = = , while n = 2Ja, 

n 

then cosa is one of the roots of the equation. 

Also since cos(2nir=fa 3a)==cos3a, the other two values 
of y are cos (f tt + a) and cos (f^r - a). 

But x — ny. Therefore the required roots are 
2(a)* cosa, 2(a)^ cos(§7r + a), 2(a)*cos(§7r — a). 

3a can be found provided ^a~^ is less than unity, i. e, 
provided 6* is less than 4a». 

EXAMPLES. XL. 

(1) Solve the following equations ; 
(i) ^-aa?+l=0. 
(ii) ^-|ar-J=a 
(iii) ic3- 3^+3=0. 
(iv) a;3+12a;a+42a;+44=0. 
(v) aj3-3V(3)^-3^+V(3)=0. 
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(2) Solve the equations : 

(i) 0:3-439^-101=0. 

(ii) ^ - 1765107 - 371462 = 0. 

(iii) 1001o;3 _ i8472o? - 7941 = 0. 

(3) Adapt the following expressions to logarithmic com- 
putation : 

(i) a±h. (ii) a cos ^±6 sin ^. 

(iii) sin -4 + sin 5 + sin (7- sin (^ +5+ C). 

(iv) 1 + cos (2^ - 2m^) - cos (2^ - 2a) - cos (2m^ - 2a). 

(v) o cos J. + 6 cos 5 + c cos C, where A, B, C bxq the 
angles of a triangle. 

(4) If h^ be one of the roots of the equation a^+Zqx-\-r^O 
prove that 32^= - it^ (i + 2 cos 2^) and r = 2^ cos ^. 

128. We shall conclude this chapter with some ex- 
amples of Elimination. 

Example I. Eliminate Q from the equations 

acoQ + hBin0=c, 
o'cos^ + 6'sind=c'. 

Solving these equations, we obtain 

- h'c-hc' . . da-cd 
ao —ao ab —ifiO 

But cos'«^ + sm2^=l. 

Therefore (6'c - hc'f + {c'a - cd)* « (ofc' - db)^. 

This is the required result of elimination. 
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Example II. Prove that the retvXt of eliminating 6 jrom the 
eqtiationa 

^ cos ^ - y sin ss 2a 008 2^, 

X wa.6+ycos0=2aBiD.2B, 
is (a?+y)' + (x-y)'=2fl'. 

Solving these equations for x and y, we obtain 

2;=acos 2^008 ^ + 2a sin 20 sin $ 

= a cos' 0+3a sin* ^ oos $, 
y=2aBm2$ooa$-aQOB2$mn0 
= 3acoB3 $ sin ^+a sin^ ; 
.*. x+y=a (cos tf + sin ^)', 
x-y=a (cos ^ - sin ^)' ; 

.'. (a;+y)^=a' {1 + 2 cos ^sin^}, 

{x-y)i=a^ {1 - 2 cos ^ sin ^}, 

and the result follows immediately. 

EXAMPLES. XLL 

/»<2 yi gi 

(1) Given that -^cos^=— gcos^ + p cos 0, 

and —- - y - ^ 

sin(^ + </)) sin(^-0)"'sin2^' 

^, ^ sin^ 62 

prove that — — -r = -s . 

sin 9 a^ 

(2) Eliminate ^ from the equations 

^= 2a cos ^ cos 2^ - a cos d, 
y = 26 cos ^ sin 2^ - 6 sin ^. 
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(3) Eliminate a and /3 from the equations 

^=(asin"a+6oos*a)cos2/3+csin2ft 
y=acos2o+6sin*o, 2; =(6 -a) sin a cos a cos /3. 

(4) Eliminate 6 from the equations 

^4- a = o (2 cos ^ - cos 2^), 
y =a (2 sin ^ - sin 26). 

(5) Eliminate 6 from the equations 
6cos«^+asin*^=0, 6cos2(^+<^)+asin2(^+<^) = 0. 

(6) Eliminate from the equations 

^ = a (cos ^ + cos 2^, 

y=6(sin^+sin2^). 

(7) Eliminate 6 from the equations 

(a+6)tan(^-<^) = (a-6)tan(^+<^), 
a cos 2<^ + & cos 2^ = c. 

(8) Eliminate 6 and from the equations 



ax 



__^=a«-6«, 



cos^ sind 



or 



_Jy_=„«_6s, 



cos <^ sin 

(9) Eliminate 6 from the equations 

cos^ B sin^ 6 



cos (a -36) sin (a -3^) 

(10) Eliminate a from the equations 
sin 6 cos 6 1 



s=m. 



^2-1 2i3sin2a 1 + 2/3cos2a+/a='' 
shewing that )S = tan J (tt + 2^), 



ii:(NH 
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■ANEOUS TSXAMPLFJ^. ZLU 



(1) If acos(^+0)+6cos(^-^)+c=O, 

a cos (<^+^)+6cos (0 - ^) +c=0, 

a cos (^+d)+6cos (^ - ^) +c=0, 

then a8-62^.26c=0. 

(2) If cos(y-;?) + cos(z-^) + cos(a?-y)= -f, 
then cos^ (a? + ^) + cos^ (y + ^) 

+cos"(;&+^)-3cos(^+^)cos(y+^)cos(a+^ 
vanishes whatever be the value of B. 

(3) Prove that the equations 

(^+l)sina=| + ? + cos«a, 

(y+^)sina=J + f+oos>a, 

(« + -) sina=- +^+008^0, 
are not independent ; and that they are equivalent to 

a+y+z=--\ h-= -sin a. 

^ X y X 

(4) If a and /3 are the two values of sin B satisfying the 
equation ^^^3 +6sin2^=c 

prove that fl'+ff'= ^,^^. » 

(6) If sin(^ + a)=sin(<^ + a)=sin/3and 

a sin (^ + ^) + 6 sin (^ - ^) =c, 

then either a sin (2a ± 2/3) = - c or a sin 2a ± & sin 2/3 — c. 
L. 9 
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(6) Eliminate 6 from the equations 

4 (cos a cos 6 + cos <^) (cos a sin ^ + sin <f>) 
te= 4 (cos a cos 6 + cos ^) (cos a sin ^ + sin ^) 
= (cos <j> - cos ^) (sin - sin ^), 
proving that cos(<^-'^)=l or cos 2a. 

(7) If x=2cos(/3-y) + cos(^+a)+cos(^-a) 

=2cos(y-o)+cos(d+/3)+cos(^-/3) 

= - 2 cos (a - ^) - cos (^+y) - cos (^ - y), 

prove that jj^sin^^, provided that the difference between any 
two of the angles a, ft y neither vanishes nor = a multiple of 2ir. 

(8) If . , . -: = - — ;]1 , .( prove that either a and B or 
^^ sm(a+0) sm(/3+0)^ 

^ and <^ differ by a multiple of tt. 

sin (a + ^ ) sin (/3 + ^) ^ co3 (a+^) cos {fi^ff ) 
^^ sin(a+0)'^sinO+^) cos(a+0)"*"cos(^+<^) ' 

prove that either a and ^ differ by an odd multiple of ^, or $ and 
<^ differ by an even multiple of tt. 

(10) If (^+5 + (7) = 7r and if cos 2^ = ^^^^^-^^^ , 

(a+a)(6+c)' 

cos 2i? - ^"^ rJH^Z^) cos 2^- (^-^)(Q^-^) 

then tan^4-tan-B+tan(7s=: + l. 

(11) If cos a = cos jS cos ^=008)9' cos <^', 
and sina=2sin^sin^, 

then tan 5==tan % . tan ^ . 

^ ^ ^ 

(12) lftan0=-?i^^ii?li,thentand=-^?^i^. 

cos ^- cos a cos^ + cosa 
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(13) If p and y be two values of $ which satisfy 

1 .1. 1 • ., 1 
-cos^+YSin B=-i 

a c 

then acos^^-^««68in^^^=ccos^^-^. 

jL M JL 

(14) Given a* cos a cos /3 + a (sin a + sin /3) + 1 = 0, 

a^ cos a cosy +a (sin a+siny) + l=0, 

prove that a^ cos /3 cosy +a (sin /3+sin y) + 1 =0, 

and that cosa+cos/3+cosy=cos(o+i3+y), 

/3 and y being unequal and less than ir. 

(15) If $1 and B^ are two values of $ which satisfy 

cos ^ cos <^ sin ^ sin <^ _ 
cos^a sm^a ' 

shew that 6^ and B^ if substituted for 6 and ^ in the equation will 
satisfy it. 

(16) Solve the equations 

cos {6 + a) =sin ^ sin /3, 

cos (<^ +/3) =sin B sin a, 

and shew that if t^^ and 02 ^ ^^^ ^^^ values of 0, 

X /J. . ^ \ sin 2/3 

tan (9, + 92; == ^^«"^ 2 '^ — 9~ • 

\-ri ^A/ sin'/S-cos^/Ssec^a 

(17) If cos(a+^) + »icos^=», 
v^ cannot be greater than 1 +2«» cos o+«»*. 

(18) Eliminate 6 and from the equations 

^cos^ ysin^_ ^cos0 ysin0_ 
a o a 6 ' 

^-0=2a, 

provmg that -2 + a5 "" ^i s" • 

*^ ® a^ 6* 1 - cos 2a 

9—2 
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N.B. — ^For convenience in printing, some writers use n I to denote 
1.2.3...n. 

(1) A person walks from one end -4 of a wall a certain 
distance a towards the West, and observes that the other end B 
then bears E.S.E. He afterwards walks from the end B a 
distance (^2+1) a towards the South, and finds that the end A 
bears N. W. Shew that the wall makes an angle cot~^2 with the 
East 

(2) A man on the top of a hill observes the angles of 
depression a, jS, y of three consecutive milestones on a straight 
horizontal road running directly towards him; prove that the 
height of the hill is 

^'^^K cot^a-2c^t^g + cot^y ) y^^- 

(3) sm2 (i8+y)+sin2 (y+a)+sin2 (o+iS) 

=4 sin a sin j3 siny cos(a+/3+y) + 4 cos a cos/3 cos y sin(a+/3+y). 

(4) If 2a + 2/3+2y=?i^, 

then sin 2 03+y) + sin 2 (y+a)+sin2 (a+/3) 
♦1-1 

=2(-l)» {l-(-l)»}cosacosi3cosy 

+ 2(-l)«{l + (-l)"}sinaBin/3siny. 
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(5) lo g log, N logt log, JV ^ log, \ogJ> ^ logt logt g 
Vlog. 6 Vlog»a Vlog.6 Vlog»a 



(7) If ^ + 5+C=jr, and 

sinS ^ = sin (^ - ^ sin (5- ^) sin (C- ^, 
then will cot ^= cot J. + cot B + ootC, 

(8) Eliminate $ from the equations 

(a + 6)(^+y)=cos^(l + 2sin2^), 
(a-6) (^-y)=sin^(l + 2oos2^). 

(9) If cos (^—0) is a mean proportional between cos (6 + 0) 
and sin (0 + 0), then 

cosec 2^ + sec 2^ = cosec 2^ + sec 2^. 

(10) IfA + B + C=^ 9(y», then cosec ^ + cosec B + cosec C-2 

s= cot 5 tan C + cot C7 tan B + cot C tan ^ + cot u4 tan C 

+cot u4 tan 5 + cot jB tan A, 

(11) lft&n(B+C-A)ta,n{C+A''B)taxi{A+B-C)=:l, 
then sin 4A sin 4S sin 4(7=4 cos 2^ cos 2B cos 2(7. 

(12) If 4 (o + /3 + y) = TT, prove that 

cos(6i3 + 4y-8a) + cos(6y + 4o-8/3) + cos(6o + 4/3-.8y) 

=4cos(5o-2/3-y)cos(5/3-2y-a)cos(5y-2a-/3). 

(13) If l-;pa-y2-«2=2a7yz, 

prove by trigonometry, that 
;rV(l-^)+yVa-y*)+W(l-«*)=2V{(l-^2)(i_y2)(i«^2}. 

(14) The formulae 

(2n+i)7r±a, (7i-i)ir + (-l)"(j7r-a) 
represent the same series of angles. 
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(15) If A+B+C==(^m+l)7r or 2«ijr+iir, then 
(sin^+cos J.)(8in5+cos5)(sinC+cos(7)=2siii-4 . &inB . sinC 

+2 cos A cos B , cos C+ 1 ; 

andif J.+i5+(7=2mjr or 2m7r - Jir, then 

(sin ^+cos ^) (sin 5+cos B) (sin (7+cos C)=2 sin ^4 sin 5 sin C 

+ 2 cos A cos jB cos (7— 1. 

(16) If sin(2n+l)^sin(2?-C)+sin(2n+l)5sin(a«J) 
+sin(2n+l) (?sin(J[— 5)=0, where n is an integer, then 

sin (n-1) A sin (n+1) (5-(7)+sin (n-1) -Bsin (n+1) {C-A) 

+sin (n-1) C7sin (n+1) (^-iB)=0. 

(17) If sin 2d + sin 2(^ = sin 2a, prove that the three expressions 

cos 6 cos (o+ d) sin sin (o - 6), 
cos (^ cos (a + ^) sin ^ sin (a - ^), 
cos d cos ^ sin d sin 0, 

are equal to one another. 

(18) If a + /3 + ys-mir, then 

cos ^ cos (2y - i9) cos y cos (2a - y) 

1+8 cos /3 cos y cos 03 + y) 1+8 cos y cos a cos (y + a) 

COS a cos (2/9 - a) 
1 + 8 COS a COS /3 COS (a + /3) 

/in\ Ti? C08(a+j8 + d) COs(y+-a+d) , . , 

(19) If . / . JT — r- = • / . X ^ and ^ and y are 

^ ' sm(a+/3)cos2y sm(y+a) cos^/S ' 

unequal, then each of these fractions is equal to — — ,\ ^ — ^ , 
^ ' ^ sin(y+/3)cos'a 

and cos d^ ^^^ ^'^'^^ ^^^ ^"^"^"^ ^^^ ^""^^^ . 

cos 03+y) cos (y +a) cos (a+/3)+sin2 (o+-j3+-y) ' 

(20) If V2cos-4-cos5+cos3iB, 

V2 sin -4 =sin jB - sin' B, 
then ifc sin {B'-A)= cos 2^= J. 
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(21) If 4 cos (j7 — y) cos (y - ^) cos (« — 0?) = 1, prove that 
1 + 12 cos 2 (^— y) cos 2 (y — ^f) cos 2{z—ai) 

=4 cos 3 {x—y) cos 3 (y— ^) cos 3 (« - :r). 

(22) If 

sin03+y)-ifcsm(o+a)=sin(y+a)-ifcsin()3+a) 
== sin (a+i9)-ifcsin (y+a), 

where a, ft y are unequal and each less than xr, then will l(^=^\, 
and each member of the equations =0. 

^23^ If co8(ff+q)+coa(a+y) _ cos (i8+y)+cos(a+y) 
^ '^ cos 03 - a) + cos (a— y) C0s(y-/3)+C0S(a— y)' 

., sinjS . cos3 1 

then — — h — 



cos y - cos a sin a - sin y sin (a - y) ' 

(24) If ar*cosacos^+:p(sino + sin/3) + l=0, 
and ar*cos/3cosy+^(sin/3+siny) + l=0, 
prove that a^ cos y cos a+^ (sin y +sin a) + 1 =0. 

(25) If ^+ycosa+«sino=cos()3-y), 

:i? +y cos j3 + « sin /3 = cos (y - a), 
x+y cos y+-? sin y =cos (a - /3), 

prove that a;=4 cos J (a - /3) cos J (fi-y) cos J (y - a). 

(26) If acosa+ 6cos/3 + ccosy=0, 

asina+ 6sin/3 + csiny=0, 
aseca+ 6sec/3+csecy=0, 

then a* + 6* + c* - ^V^c^ - 2c2a2 - 2a%^ = 0. 

(27) If acos^+6sin^+c=0, 

a cos <^+6 sin ^+c=sO, 
C/^2=dBOdb6, 

prove that either 6 or <f> must be of the form Jnn-+ Jtt. 
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(28) If m is a positiye integer, then 

C0S(W+1) ^ = C0S77l^i2C0S^-;; :z ;r r ^l , 

^ ' I 2cos^- 2cosd- cosdj* 

where 2 cos 6 is repeated m times. 

(29) If 2« = J? +y + ;?, prove 

(i) tan(»-.ar)+tan(«-y) + tan(«-2)-tan« 

_ 4 sin^siny sin^ 

~ 1 - cos^o?— cos^^ — cos%+2 cos a: cosy cos z ' 

(ii) tan~^ (« — ^) + tan~^ (* ~ y) + tan-^ (s—z)— tan"^ s 

=tan-i '^^^ 

, . ,.x sin (^-/3) sin (^-y) sin (^-y) sin (^- a) 
^"^^ ^'>' sin(o-/3)sin(a-y)"^sin(^-y)sin(/3-a) 

sin(^-a)sin(^-i3) ^^ 
sin (y — a) sin (y — /3) ' 

. sin(^-a) ^ sin(^-g) 

^ sin(a-j3)sin(o-y) sin^S-y) sin (/3-a) 

sin(^-.y) _^ 

sin (y - a) sin (y — /3) 

(31) If a^, 6*, c* are in A. p., then tan A, tan ^, tan C are 
in H. p. 

(32) If = = , prove that each fraction is 

^ ^ z 

equal to 

sin-d.sinjB.sinC/l-H 1 : — — ) . 

\x y z x+y+zj 

(33) OP +01^+01^+ 01^^ =^\2B?. 

(34) If a, A y are the radii of the circles OAB, OBC, OCA, 

^, a h c ahc 

then - + tt + - = »3 • 

a p y ii^ 
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(35) The sides of a triangle are 

prove that the angles are in A.P., the common difference being 

»-- {m ■ 

(36) 472 (r2r3+r3ri+rir^=(rj+r3) (rg+r^) (r^+ra). 

(37) A = <2 2^ cos 6 cos <^ cos ^, where 

cos 2^=tani5+tan^(7, 
cos 2<^ = tan ^(7+ tan i J[, 
cos 2^ = tan \A + tan \B. 

(38) 4(^^'2+^^+(7C"2)=3(^2 + ^ + c2). 

16 (^^'2 . (7(7'2+ CG'^ , AA'^ + AA'^ . BB'^)=^9 (6V + c^aHa^^a). 
16 {AA'* + BB'^+CC'^)=9 (a*+&*+c*). [Art. 121.] 

(39) If a, 6, c, d be the lengths of the sides of a quadrilateral 
such that one circle can be described about it and another 
inscribed in it, then the radius of the latter circle is 

2 ^(ahcd) 
a+b+c+d' 

(40) Given that ^=ycosZ+-?cos F, 

y=zcoaX+a:GoaZf 
and that X+ Y+Zis an odd multiple of II, then 

z=a: cos T+y cos X, 

and cos X= — / ""^ . 

2yz 

(41) If -4 +5+ (7=1800 and 

ysmC—zamB __ z sia A - a^ ain C 
;r — y cos (7— « cos jB "~ y — ^; cos u4 — ^ cos C 

X, Vj z being real, then -: — 7 =-r^ = -; — 7^. 
'^' ^ ' smul sm^ BinC 
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(42) In any triangle 

i22(a4 + 6* + c* - 262c2 cos 2 A - 2<?a^ cos 25 - 1d?h^ cos 2C) = 2a262c2. 

(43) The radii of the escribed circles of a triangle are the 
roots of the equation • 

where 22 is the sum of the squares of the sides. 

(44) 12iJ^=a3cos(5-C7)+&3cos ((7-u4) + c3cos(^-jB). 

(45) If be a point within a triangle, such that AO^ BO, CO 
are inversely proportional to the sides BC^ CA, AB; R, R^, R2yR^ 
are the radii of the circles described about ABC, BOC, COA^ 
A OB; then 

(46) ABC is a triangle in which the sides AB, AC are equaL 
Circles are described with centres A, B, C touching each other 
externally. Prove that the distance between the centres of the 
circles that can be drawn touching these three circles is 

, (l~cos5)(l-2coSig) 
4 — 5 cos J? 

(47) Perpendiculars OD, OE, OF to the sides of a triangle 

when produced meet the circumscribing circle in P, Q, R; prove 

that 

4r{Fl) + QE+RF)=2hc + 2ca+2ab-a^-b^-c^. 

(48) If pi> p2> Ps are the distances of any point in the plane 
of an equilateral triangle, whose side is a, from the angular 
points, then 

(49) From the angular points of a triangle ABC are drawn 
perpendiculars to the opposite sides and also lines bisecting the 
angles : if ^ be the angle between the two lines drawn from A, 
and <^, ^ be corresponding angles at B, C, prove that 

1 + cos ^ + cos ^ + cos ^=4 cos J (jB - (7) cos J ((7- u4) cos J (J. - B). 
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(50) On the sides of a scalene triangle ABC as bases similar 
isosceles triangles are described either all internally or all 
externally, and their vertices joined so as to form a new triangle 
ABC ; then if A! EC is equilateral the angles at the bases of 
the isosceles triangles will be each 30^, and if it is similar to ABC 

they are each tan"^ -o-tt o — o • 

(51) Three circles touching each other externally are all 
touched by a fourth circle including them all. If a, 6, c are the 
radii of the internal circles and a, /3, y the distance of their 
centres from that of the external circle, then 

\6c ca ah) a^ 6* c^ 

(52) Circles are described on the sides a, &, c of a triangle as 
diameters ; prove that the diameter D of the circle which touches 
them externally is such that 

(53) If be any point and p^, pg* Ps the reciprocals of the 
radii of the circles circumscribing the three triangles OBC, OCAy 
OAB, prove that 

(api+^Pa+cpa) {-api+hp^+cp^ («Pi-^P2 + cp3) («Pi+^P2- W 

= a\^b^P2^p3l 

(54) Lines drawn parallel to the sides of a triangle ABC 

through the centres of the circles escribed to that triangle 

form a triangle A!BC ; prove that the perimeter of the triangle 

A'BC is 

4/2 cot \A cot \B cot \C, 

(55) If BE^ CF be the perpendiculars from B and ^7 on to 
the opposite sides, and if FE and BC produced meet in §, prove 

that 2 {QE^ - QF^) = (J?§2 _ c^ (cos 25 + cos 2(?). 
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(56) If be any point within a triangle ABC the sides of 
which are abc, and if M^ R2 be the radii of the circles circuiiL- 
scribing the triangles BOG^ CO Ay prove that 



_J_/^M-0^_ 



62 )' 



B^aa Bj)^ afiy \ a^ 
where OA=a, OB=p, OC^y. 

(57) A chord is drawn cutting two concentric circles whose 
radii are as 1 : n so that the intercepted portions subtend angles 
2a, 2^ at the centre ; prove that the chord is divided at either 
point of intersection with the inner circle in the ratio 

n^-2ncoa(a + ff) + l :n^-l. 

(58) A straight line cuts three concentric circles in A, By C 
and passes at a distance p from their centre. The area of the 

triangle formed by the tangents at ABC is '—^ — . 

(59) A polygon of 3n sides, which are a, 6, c successively, 
repeated n times, is inscribed in a circle : if the angular points 
be Af B, C, By E, etc., and the radius of the circle is denoted by 
r, prove that 

^C^=Jao+26rsin -[• -J6c+2ar sin -j--r -^a6+2crsin -L 

(60) The tangent at the point of contact of the inscribed 
circle and the circle of nine points of the triangle ABC cuts the 
side ^(7 at a distance from A 

a-2b + c* 

(61) tan x=kx has an infinity of roots. 

(62) The equation ^=cos has one and only one solution, 
such that the value of ^ is less than Jtt. 

(63) 8 sin J ii sin ^B sin ^ (7 is less than 1 except when the 
triangle ABC is equilateral 
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(64) If A +J?+C=9(y>, the least value of 

tanM+tan2J? + tan'(7is 1. 

(65) lfA + B + C==9(fi 

tana jB tan« (7+ tan^ (7 tanM + tan2 ^ tanS J? 

is always less than 1 ; and if one angle approach indefinitely near 
to two right angles the least value of the expression is ^. 

(66) If ^ + 5 + (7= 1800, the least value of 

oot2^ + cot2J? + cot2(7is 1. 

(67) In any triangle cos^+cos5 + cos(7is >1 and not 
greater than |. 

(68) sin -4 + sin 5 + sin (7 is never less than 

sin2^+sin2i? + sin2C; if A+B+C=^l8(y*. 

(69) (2coBa-—^ ^ ...^ 

I 2cosi3 ^ 

V '^ 2cos^-2cosi3- "V 

= 2cos(a + ^)-2^jQa(^_,.^^_ 2cos(a+)8)- ' 

(70) Prove by induction that 

sin {a+p+y+ ...» angles) = (/S'lC;..!) - {S^C^^^) + (S^C^^ - etc. 
cos(a+i3+7+...n angles) = ((7J - {820^-^ + (S^On-^) - etc. 

where (SrCnr-r) stands for the sum of the products of the sines 
sin a, sin ft sin y... taken r together, each multiplied by the 
product of the (n - r) remaining cosines. 

Shew that Be Moivre's Theorem is equivalent to these two 
theorems. 
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(71) Prove that if n is an odd integer the two series 

_ n{ n-l) n{n-l ) {n-2) ( n-S ) 

1.2 "^ 1:2.3.4 ■■•••' 

n(n-l)(n-2) n (n-l) (n-2) (n~ 3) {n-4) 
^ 1.2.3 "•" 1.2.3.4.5 "•••' 

are numerically equal, and if 71 is an even integer one of the two 
series is zero. 

(72) P-ethat^-|^=^ + ^..^-J^, 

where - 1, a, ^3 are the values of (- 1) , and deduce by writing 
a? = cos 20 + i sin 2d that 

3 tan3^=taii ^-cot (^+ j7r)-cot (^- Jtt). 

(73) If sinlog(a+i6)=a+z/3, 
then log sin (a' + ib') = a+ iff ; 

when a'=logV(aH62), 6'=tan-i-, 

Of 

a'=logV(a2+^2), i3'=:tan-i^. 

a 

(74) By writing in the identity 

111 



{x-a){x-h) {a-h){x-a) {a-h){x-hy 

cos2^+V(-- l)sin 26 for x and similar quantities in terms of a 
and j3 for a and 6, prove that 

cos (2^ + a + i3) sin (a-i3)=cos (2a+^ + i3)sin (^-^) 

-oos(2j3+^ + o)sin(^. 

(75) Prove that 

cos {x + iy) = cos x cosh y - 1 sin ^ sinh y, 

sin (a? + iy) = sin x cosh y + 1 cos x sinh y. 
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(76) If 2^' = 4 cos a cosh 6, 2y =4 sin a sinh 5, then 

4j7 
fleo(a + i6)+sec(a-i6)=^-^, 

sec (a +i6) - sec (a - ib) = -^_^ . 

(77) One of the values of sin-^ (cos ^ + 1 sin ^) is 

cos-i(Vsin 0) + i log {^sin 6 + V(l + sin 6)} 
when ^ is between and ^tt. 

(78) Reduce tan~i(cos^ + t8in^) to the form A + iB, and 
hence prove that cos ^- J cos 3^+^ cos 5^ - ... = ± Jtt; the upper 
or lower sign being taken according as is positive or negative. 

(79) If tt, »* are the imaginary cube roots of - 1, 
Jcoso+tt>cos f a+^]+«^cos (o + -^)f 

|cosj3+»cos ^i3+|V»2cos ^i3 + y)l 

= ||cos(a+^)+®cosro+/3+|j+»2cosU^ 
and deduce the value of 

-^coso+wCOS (a + ^ J +tt>2 cos fa + -^H , 

when TO is a positive integer. 

(80) Prove that the real part of (1 + 1 tan 0)~* is 

e* cos (log cos 0), 

(81) (a+i6)*"*"^ will be wholly real or wholly imaginary 
according as J)3 log (a^ + 6^) + a tan~^ - is an even or odd multiple 

of ^TT. 

(82) Prove that all solutions of the equation sinh ^« sinh a 
are included in the expression ii7=tn7r+(~l)"a where n is any 
integer, positive or negative. 
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(83) Prove the following rule for finding the length of a 
small circular arc ; to 256 times the chord of one-fourth the arc 
add the chord of half the arc; suhtract 40 times the chord of 
half the arc and divide the remainder by 45. 

(84) If two sides a, h and the included angle C oi b, triangle 
are given, and a smaU error b exists in (7, the corresponding 
error in i2 is \ba cot A cos B cosec C, 

(85) If the imit of measurement be a right angle, find the 

. . . , m lian u "~ sin o ^. •■ii»j* ••■ij 
Imut of ^3 as ^ IS indef. dimmished. 

(86) The limit when n is indefinitely increased of 

(a . . 3a\» . « 
COS - +sm — ) IS e»». 
n n ) 

(87) If ??Hi = |g, then ^=50 nearly. 

(88) If ^=^ nearly and n is > 1, prove that 

/ • ii\- n-l + (n-|-l)sin^ , 

(sm ^" = . ., . ; .,: . ^ nearly. 

^ * w+l + (^-l)sm^ ^ 

(89) If cos-i — -^- cos~i — ; — =y, and h and x are both 

small compared with a, then 

(90) If in the equation 



a sin^v 

x=s i- 

8 



tan^=— r — : — T— + 



cotai+cotog cotas+cota^ 
the angles a^^, 02, a^ a^ are all nearly equal, then one value of is 
very nearly J (01+03+ 03+04). 

(91) ^differs from tand by less than Jtan'^, S being less 

than -, 
4 
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tan^ 6 — sinh^ a coth^ a sin^ 6—1 



(92) 



tan2 d-sinh2 p coth^ /3 sin* 6-1' 



(93) sin(o-2n)3)+sin{a-2(»-l)P}+sm{o-(2n-2)P}+... 

+sm {a+2wj3}=sin a cosec /3 sin (2n+ 1) /3. 

(94) tana tan (a + /3) +tan(a + P) tan (a + 2j9) + ,., 

X f / i\«ix / «\ tan (a + wj9) - tan a 
+ tan{a + (?i-l)P}tan(a + wj3)= ^ . ^^ 

(95) secaseo(a+/3) + sec(a+P)sec(a + 2^) 

+ sec (a + 2^) sec (a + 3j3) 

+ ... to7i terms 

=cosec j3 {tan (a + n^) - tan a}. 

(96) Sum the series 

tan~* 1- tan""* +tan~* , 

1+3.4 1 + 8.9^ 1 + 15.16 

(97) tan-i J+tan-*^+tan-* Jjj+tan-i ^+... to n terms 

n 



^fon-l 



=tan 



n+2' 



(98) Sum to n terms the series 
I.tan^.sec2^+sec^.tan2^sec3^+sec2^tan3^,sec4^+.... 

(99) (1 +sec 26) (1 +sec 46) (1 +sec 8d) ... (1 +sec 2"^) 

_ tan 2"^ 
" tan^ • 

(100) (2cos^-l)(2cos2d-l)...(2cos2-i^-l)=^^?^±? 

(101) S\mi the series 

sin^ 3sin3^ . 32sin38^ . . 

+ ;:; im — ; + ^i j^oTi — 7 ... to n terms. 



2cos^ + l 2cos3d + l 2cos32^ + l 

L. 10 
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(102) The n* convergent of 

\ 1 1 



etc., is 



2tana+ 2tana+ 2tana+ 

(tan a + sec a)" - (tan a — sec a)* 
(tan a + sec a)" ■•" * - (tan a - sec a)" ■•" * ' 

(103) The sum of n terms of the series 

_ cos a , cos 2a , ^ . - 

1 + H 2— +...=0, if iia=ir. 

cos a cos^ a 

(104) Sum the series 
log(l-2cos^)+log(l-2cos2^)+log(l-2cos28^+etc. 

ton terms. 

. 3sui;r-sin3^ 3sin3>r--sin3^^ 3sin3'j?-sin3^^ 
^ ^ cos3^ "^ ZG^h: ■*■ 32 cos 33^ 



to nterms=f f — ^ tana?) . 



(106) The roots of the equation 

4a;3+8a;2-19a?+8=0 
are sin^^Jir, sin^f^r, sin^^. 

(107) Solve the equation a^ + x^—2x-\=^0. 

[Result. 2 cos ^w, 2 cos fn-, 2 cos ^.] 

(108) (a? - cos |w) {x-2 cos'f w) (a? - 2 cos fir) (a? - 2 cos fir) 

, s=^+2a:3-a;*-2a7+l. 

(109) The sum to n terms of the series 

12 cos 2a+22 cos4a+32 cos 6a+ ...to n terms 

^n^ sin (271+1) a n cos 2na sin 2na. cos a 
""^ sin a 2 sin^o * sin'a 

(110) Sum the series 

, ^sin2d , ^ sin3^ , ^ sin 4^ , , . - 
1 + 7 • 9/1 + T-H • 0/1 + 1— w— ^ -.— .-^+ ...ad ini. 
1 sm^ 6 1.2 sin^ 6 1.2.3 sm* 6 
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(111) Sum to n terms 

(i) 1 +e sin a+e^ sin 2a, 

(ii) tan ^ sec ^ + tan 55 sec -+ etc. 

(112) Sum to infinity 

(i) 7^sina+ ; ^ ^ sm2a+ '^ ^ o o — -sm3a+... 



(113) Prove that 
1-A8 



= 1 + 2 A cos ^ + 2A* cos 2^7 + etc. 



(l-A)2cos2ia7+(l +A)2sin2ia? 

(114) log -2 ,,f^^ . =4 j^sin2^-^f^Ysing2^ 

^ ' ^a^cos^d + o^sin^^ (^a + o ^ \a + bj 

(115) l+^,+|"j + ...=J{6« + 2e-i*cosJ(j?V3)}. 

'(116) The roots of the equation 

^sin7ki-7W7»~isin(7ia+j3) + — ^-T — - af^^ &m {710 + 2^)— ,..=0 

are given by ^=sin(a+j3— ^0)cosec(^— Jt0) where ^ has all 
integral values from to 71- 1 and n<j>=ir. 

(1 17) Eind the general value of $ which satisfies the equation 
(cos 6 + 1 sin 6) (cos 2$ + i sin 2$) ... (cos n$ + i sin ti^) = 1. 

(118) When n is even and if ?w^=7r, 

tan a tan (a + 0) tan (a + 20) . . . tan {o + (71— 1) 0} = ( — 1)^. 

(119) When 7w is odd 

tan7»<^=tan cot ^0 +^j tan ^0 +2^j ... 

10—2 
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(120) tan^+tan^^+^Vtan^^+^V 



m sin md 



where /S'«=^ the sum pf the m*** powers of the root of equation 
a«-l=0. 



TT 



(121) If<' = 2q:i, 

2"co8^cos2^cos22^...cos2*-'^=l. 

(122) If a,h,c^ ... are the roots of the equation 

x^ -PiX*"i + p^r**"' -p^~^ + etc., 

then tan-ia+ tan-i6+tan-ic + ...=tan-i^^-^^^^^i^^^=^' . 

(123) Prove that 

e'+e-'=2(l + 22){l+(§)2}{l+(|)2}... 

(124) The sum of the products of the reciprocals of the fourth 
powers of every positive integer is . ^ ; . 

. «/ • 
2 2 2 2 2 



(125) tan| = ^= =- + 



2 n-y ir-^-y 37r-y 37r+y bn-y bir+y' 
2 2.2 2 2 



(126) cot| = ^-5-^ + 



2 



2 y 27r-y 27r+y 4jr-y 4jr+y' 

(127) Prove that the coefficients of 0^ and ^ in the expression 

H'-5)(>-i|.)-M('-^ ('-!£)■••}' 

vanish ; explaining d priori why they do so. 

(128) Having given the formula 

deduce the expression for sin 6 in factors. 
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(129) The coefficient of of* in the expansion of 

(l+^)(l+|)(l+j)... is (2^. 

(130) By putting acfaui for ^ in the expression of sin^ in 
factors, prove that 

tan^ — 5 +tan^^r-^ +tan^.T5-5+ ... ad inf. 

=^iir- tan~^ {tanh a cot a} + ww. 

(131) If a series of points are distributed symmetrically 
round the circumference of a circle, the sum of the squares of 
their distances from a point on the circumference is twice that 
from the centre. 

(132) If Ai, Ai, A^, ... ^2n+i 2J^ angular points of a regular 
polygon inscribed in a circle and any point in the circumference 
between A^ and A^n+n then the sum of the lengths 

=the sum 0^2+0^4+ 0^6+... + 0^2n- 

(133) If from a point F straight lines PB^, FB2,...PB^ be 
drawn to the middle points of the sides of a closed polygon 
AiA2,,.A^, and if the angles PB^A^, PB^A^, ,., PB^A^ be 
denoted by oj, 02, ...a, respectively, and the triangles PA1A2J 
PA^A^y ..,PA^A^ by Aj, A2, ... A„, prove that 

Aj cot ai+ A2 cot 02+ . . . + An cot a„=0. 



EXAMINATION PAPERS. 



J 



I. Sandhurst — ^Fubtheb. JiTov. 1882. 

1. Name and define the trigonometrical ratios. Prove that 

sec' A + cosec^ A = sec' A cosec* A . 

2 

If the cosecant of an angle between W and 180<' is —j= , what is the 

secant? And if the cosine of an ang^e between 540^ and 630^ is - i> 
what is the cosecant? 

2. Prove the following identities : — 

i. (sin 2ii)«= 2 C08« A{1- cos 2 A). 

ii. 2 coseo iA + 2 cot iA = cot i^ - tan A. 

iu. 2tan-i J+tan-if +2tan-i J= j . 

8. In a plane triangle ABC prove that — 

i. tan^tanBtanC7=tanii + tanB+tanC 

ii. asin^ + b sin£+c sin 0=2 (aooB A + p cobB +y cob C), 

where dbc are the sides and afiy the perpendiculars let fall on them 
from the opposite angles respectively. 

4. Prove that'the area of a triangle 

=ia^Bm2B+ib^Bm2A; 

and if i2, r are the radii of the drcmnscribing and inscribed ciroleB 

abe 



Rr= 



4(a + 6 + c)' 
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6. Given log 11=-0791812 and log2f = -3802112, find the value of 
^(3-6)»x4^YV-^*y8ff, the mantissae for 46929 and 46930 being 
6714413 and 6714506. 

In a triangle ABC, 5=14, 6 = 11, ^=60^; find the other angles, 
having given L tan IP 44' 29"=9-31774. 

6. A measured line is drawn from a point on a horizontal plane 
in a direction at right angles to the line joining that point to the base 
of a tower standing on the plane. The angles of elevation of the 
tower from the two ends of the measured line are 30^ and 18^. Find 
the height of the tower in terms of I, the length of the measured line. 



n. Cambbidge Previous Examination. Dee, 1883. 

1. Define the cosecant and tangent of an angle. 
Shew that cosecM = 1 + cot* A , 
Find all the trigonometrical ratios of 30^. 

2. A man wishes to measure the distance between two points A 
and B between which lies an obstacle. He therefore walks from A to 
C in a direction at right angles to AB a distance of 50 yards. He 
now finds that he can walk directly from C to B and that CB makes 
an angle of 60^^ with AC. Find the distance from ^ to £. 

3. Prove that sin {90^ + ^) = cos A, 

4. Find a formula for all angles having the same tangent as a. 
Solve completely the equation tan'^=l. 

5. Shew that Bin(sB+^)=8ina;cos^+cos2sin^. 

Prove that 
sin (a -/3) cos 2/3 + cos (a ~/3) sin 2^= sin (/3- a) cos 2a+cosQ3- a)sin2a. 

If Bina;=|, cosy=^, findsin(a;+y), 

6. Prove that _ 

(1) sinj^ = dk^^ 



-COSii 

2 
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(2) cos34 = 4cos8-4-3coBil. 

(3) cos 4tA = cos* A + sin* A -6 sin^ A cos' A . 

Determine the sign of the radical in (1) when A lies between 360^ 
and 720«. 

7. If at b, c be the sides of a triangle ABC, shew that 

a*=l>*+c2-26ccoSi4. 

If ^BC be an equilateral triangle each of whose sides is eight 
^ inches, and in EC a point P be taken three inches from B, shew that 
ilP is seven inches. 

8. In any triangle ABC shew that 

A__ / (8-h){8-c) A__ /(8-b){s-c) 

Find all the angles of a triangle whose sides are 13 ft., 14 ft., 
and 16 ft. in length, having given log 2= -30103, log 3 = -4771213, 
log 7 = -8460980 and 

L tan 260 33' =9 -6986847, tabular difference for 1' =3169, 
L tan 29<> 44'= 9-7667687, tabular difference for l'=2933, 
i tan 330 41'=r9-8237981, tabular difference for r=2738. 

9. A base line 400 feet in length is measured from the foot of a 
vertical tower and at the end of this line the angular elevation of the 
top of the tower is observed to be 26^33' 64"; shew that the height of 
the tower is very nearly 200 feet. 

Refer to question 8 for the necessary logarithms. 



HI. Woolwich — Pbeliuinaby. June, 1882. 

1. Prove that the angle subtended at the centre of a circle by an 
arc equal in length to its radius is an invariable angle. 

One angle of a triangle is 46^, and the circular measure of another 
is IJ. Find the third, both in degrees, and in circular measure. 

2. Define the secant of an angle, and shew how your definition 
applies to angles between 180<^ and 270^^. 

If sec ^ = - 2, what two values between 0^ and 360^ may A have ? 
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8. Obtain a formnla embracing all tbe angles whioh have a given 
tangent. 

Determine all the values of which satisfy the equation: 

' V3tan«^+l=(l + V3)tan^. 

4. Find an expression for tan 3 A in terms of tan A. Shew also 
that tan 3^1 tan 2A tan A = tan BA —tan 2A - tan A . 

6. Prove that sin 18®=^^^^^^; 

and that sin' 30^ = sin IS^ sin 649. 

Shew that in any circle the chord of an arc of 108<^ is equal to the 
sum of the chords of arcs of 36^ and 60^. 

6. ' Demonstrate the identities — 

-^. (coseCii + seCii)2 i . . oj 
^ ' cosec' i4 + sec* -4 

(2) sin3il=4sinilsin(600+^)sin(60<>-il). 

(3) 4 (cot-i 3 + coseo- V^) = «•• 

7. What are the advantages gained by the use of logarithms cal- 
culated to the base 10 ? 

K logio2 = -30103, find the logarithms of 5, tIt* and 4 V*006", to 
the base 10. 

8. Prove that in any triangle — 

(1) 26ccos^ = 6«+c2-a». 

1 -t-cos (ii -B) cos C _ a*+6 ^ v-^ 

^^ 1 + cos (A-C)coaB^ a^+c^ * 

9. If Ti be the radius of a circle touching the side a of a triangle 
and the other two sides produced, shew that — 

A B C 

fj cos ^ =a COS -^ cos -^ . 

If a be the side of a regular polygon of n sides, and R, r, the radii 
respectively of its circumscribed and inscribed circles, prove that 

IT 

i2+r=iacots-» 
* 2w 
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10. Two sides of a triangle, whioh are respectively 250 and 200 
yards long, contain an angle of 54^ 36' 24". 

Find the two other angles, having given 

L cot 270 18'= 10-2872338, diff. for 1'= -3100 ; 
Z, tan 12« 8' 50"=9-3329292 ; log 3= -4771213. 

11. The eye of a soldier in a straight trench of uniform depth is 
2 feet above a level plain on which he sees two men standing in the 
same straight line as the trench; the parts of their bodies above the 
level of his eye subtending at it the angles tan~^ '00416 and tan~^ *004. 
On walking 200 ft. towards them in the trench he notices that the 
height of one exactly hides that of the other ; and, on approaching 
696 feet 8 in. closer still he finds that the portion of the height of the 
nearer above the level of his eye subtends at it 45^. Find the heights 
of the men. 



rV. Woolwich — Pbelihinaby. Dee. 1882. 

1. Shew how to express in degrees, minutes, and seconds, an 
angle whose circular measure is known. 

Find, correct to three places of decimals, the radius of a circle in 
which an arc 15 inches long subtends at the centre an angle containing 
710 30/ 3.6'r. (t= 3-1416.) 

2. Define the <tne of an angle, and prove that 

sinii=sin (180«-^)=sin { -{180«+ii)}. 

Write down. formulas including all angles which satisfy — 

(1) 2sinil = l, 

(2) 2sin3il = l. 

3. Prove that cos (^ + £) = cos A cos £ - sin ii sin B, and deduce 
expressions for cos 2A , cos ^A in terms of cos A. * 

4. Given cos ^ = -28, determine the value of tan \A^ and explain 
fully the reason of the ambiguity which presents itself in your result. 
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5. Prove that 

(1) taD.0+cote^\/{Beo^e+coBecl^0], 

(2) sec ^ - tan ^ = tan (Jt - J^). 

(3) cos 200 + cos 1000 + cos 140® = 0. 

(4) cos-i 11+2 tan-i J = ^^~^ f • 

6. State and prove the rules hy means of which yon can determine 
by inspection the integral part of the logarithm of any given number. 

Given log 4-96 = '6954817, log 4*9601 = '6954904, find the logarithms 
of 496010, -000496, and 49600-25. 

7. Shew that in any plane triangle 

a=:&cosC+ecosB. 

If c = V2, ^ =-- 117^ B = 450, find all the other parts of the triangle. 

8. Find the greatest angle of the triangle whose sides are 50, 60, 
70 respectively, having given 

log 6 = -7781513, L cos 39<> 14' = 9-8890644, diff. 1' = 1032. 

9. Express the area of a triangle in terms of one side and the two 
angles adjacent to it. 

Two angles of a triangular field are 22^^ qj^^ 450 respectively, and 
the length of the side opposite to the latter is a furlong. Shew that 
the field contains exactly two acres and a half. 

10. Find an expression for the diameter of the circle which 
touches one side of a triangle and the other sides produced. 

If di, d^f d^ be the diameters of the three escribed circles of a 
triangle, shew that d^d^ + d^ + d^d^ ={a + b + c)K 

11. A man standing at a certain station on a straight sea-wall 
observes that the straight lines drawn from that station to two boats 
lying at anchor are each inclined at 45° to the direction of the wall, 
and when he walks 400 yards along the wall to another station he finds 
that the former angles of inclination are changed to 15^ and 75^ 
respectively^ Find the distance between the boats, and the perpendi- 
cular distance of each from the sea-wall. 
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V. Mathematicaii Tripos. * The three days.* Jan, 1881. 

1. Explain, and state the several advantages of, the chief systems 
of angular measurement in use. 

Prove that the circumferences of circles vary as their. radii; and 
mention the approximations to their constant ratio which are practi- 
cally employed. 

Shew that there are eleven pairs of regular polygons which satisfy 
the condition that the measure of an angle of one in degreies is equal 
to the measure of an angle of the other in grades: and find the num- 
ber of sides in each. 

2. Define the sine of an angle; and find the value of the sines of 
angles of 1350, 240®, 292jo, 432«. 

Shew that 
Binno<> + C082 200 - sin 10^ cos 20® = sin* 10'> + cos^ 40^^ + sin 10^ cos 400= i . 

3. Prove geometrically that 

sin X + sin y = 2 sin J (a? + y) cos J (a? - y ). 

Solve the equation 
cos a; + sin 3iB+ cos 6a; + sin 7a;+ ... + sin(4n- 1) a;= J (sec x + coseca:). 

4. Find an expreseion for oob{x-i^ + X2+x^ in terms of sines and 
cosines of a^^ > ^ > ^3 * 

State the corresponding theorem for the case of n angles a;^, x^j .,,x^. 
If cos {y-z) + cos (g - a;) + cos (a; - y) = - f , shew that 
coa^{x+ d) + cos^ {y + $) + coB^ {z+0) -Bcob{x+0) coB(y+0) coB{z+e) 
vanishes whatever be the value of $, 

5. Shew how to solve a triangle having given the three sides: 
proving from the formulsd obtained that there cannot be more than 
one triangle, though there may be none, with the given parts. 

The perpendiculars from the angular points of an acute-angled 
triangle ABC on the opposite sides meet in P: and PA, PB, PC are 
taken for the sides of a new triangle. Find the condition that this 
should be possible: and if it is, and the angles of the new triangle are 
o, /3, 7, shew that 

, cosa . coSjS C0S7 1 . T> ^ 

1 + -. ■{- ^ + 7,= J sec A sec B sec C, 

cos A cos B cos C * 
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6. Find the radii of the inscribed, the oircomscribed, and the 
nine-point circles of a given triangle. 

If be the centre of the first, 0' of the second, and P the centre 
of perpendiculars, shew that the area of the triangle OO'P is 

-2B3Bin i{B-Cf)Bmi {C-A) sin J (A-B), 

where 22 is the radius of the circle circumscribing ABC. 



VI. Mathematical Tripos, Past I. June, 1882. 

1. Explain the different methods of measuring angles. 

Find the number of degrees in each angle of a regular polygon of n 
sides (1) when it is convex, (2) when its periphery surrounds the in- 
scribed circle m times. 

Find correct to '01 of an inch the length of the periphery of a . 
decagon which surrounds an inscribed circle of a foot radius three 
times. 

2. Prove geometrically the formula 

cos a +cos/3= 2 cos i{a+p) cos J (o - j8). 
Prove that 

2 cos (a-/3) cos (^+a)cos (d+/3) + 2cos (/3-7) cos {O+p) cos (^+7) 
+cos(7-o)cos(d+7)cos(d+a)-oos2{d+a)-cos2(d+j8) 

-cos2(^ + 7)-l 

is independent of 0, and exhibit its value as a product of cosines. 

3. Prove geometrically the formula 

, , _, tana+tan/S 

tan(o+/3) = =— 7 — ^, 

^' 1- tan a tan /3 

Prove that if a, j8, 7, b be four solutions of the equation 

tan(^+iT)=3tan3^, 
no two of which have equal tangents, then 

tana+tanj3+tan7 + tand=0, 
and tan2a+i;an2/3+tan27+tan2d=|. 

4. Prove that in general the change in the cosine of an angle is 
approximately proportional to the change in the angle. 
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Prove that if in measnring the three sides of a triangle small errors 
x,yhe made in two of them a, b^ then the error in the angle C will be 

-gcotB+fcot^). 

and find the errors in the other angles. 

5. Prove that in any triangle a gos B+b cos A=c, and deduce 
the formula c* = a* + 6* - 2a6 cos C, 

Prove that if be the centre of the circumscribing circle of the 
triangle ABCj the sides of the triangle formed by the centres of the 
three circles BOC, CO At A OB will be proportional to 

Bm2A : sin 2^ : 8in2C. 

Find the angles of the new triangle correct to one second when the 
sides of the triangle ABC are in the ratio 4:5:7. 

6. Find the radius of the inscribed circle of a triangle in terms 
of one side and the angles. 

Prove that if P be a point from which tangents to the three 
escribed circles of a triangle ABC are equal, the distance of P firom 
the side BC will be 

i (b+c) sec iAaniBan i(7» 



Vn. OXFOBD AND GaMBBIDOB SCHOOLS EXAMINATION. EtOTlf 1882. 

1 

1. Prove that the cosine and sine of an angle have their signs 
changed, but their magnitudes imaltered, if the angle be increased by 
two right angles. Investigate a general formula for all angles whose 
tangent is equal to taU A. 

2. Find the cosine and tangent of 45*' and 60°. Apply Euclid vi. 
8 to find tan 15^ 

8. Prove that sin (^1 - £)=sin ^1 cos B-cos ^1 sinB, and that 

sin 2 A cos A 



BinA^ 



l + cos2^ 



4. Express cos J(/3+7-a)cos J(7+a-i8)cosJ(a+/9-7), as the 
sum of cosines of separate angles. 
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5. Express sin ^A in terms of sin J ; and proye, d priori, that to 
any given value of sin ^^ four values of sin ^A must correspond. 

Having given sin IS® = J {\J5 - 1), find cos 810. 

6. Shew how to find the height of an inaccessible object by obser- 
vations of its angles of elevation, taken at two points on a straight 
line through its base. 

I stand on a hill on one side of a lake, and observe the angle of 
elevation (a) of the summit of a mountain across the lake, and also 
its angle of depression (j3) as seen by reflection in the lake. If A be 
the known height of the mountain, shew that its distance is 

2h cos a cos /3 
sin (a+p) * 

it being given that the ray of light from the top of the mountain 
makes the same angle with the vertical after reflection from the lake 
as it did before reflection. 

7. Express the sine of half an angle of a triangle in terms of the 
sides. 

Prove that, in any triangle, 

2 (cos ^A - sin ^A )^ cos JB cos J(7 
= (cos IC+coaiA- cos JB) (cos J-4 + cos JB - cos JC?). 

8. Find the radius of a circle described ftbout a triangle. 

, If the radius of this circle be equal to the least side of the tri- 
angle, what is the magnitude of the least angle ? 

9. Sum the series — 

(1) l + c~*^cosna?-j-€"*^cos27M!+ ad infinitum^ 



(2) cos (a 4-/3) + cos (o-h 3)3) + + cos(o+2n + lj3). 



VIII. OlUFOBD AND CaMBBIDOE ScHOOLS EXAMINATION. EtOU, 1883. 

1. Given ir= 3-1416, find the number of degrees in the unit of 
circular measure of angles. 

2. If sin $= -^ — 5, find tan dj cos 2$, 



\ 
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3. Prove that all angles included in the fonuula 2mr±.a have the 
same cosine as a. 

Solve the equation cos $ + ,J3 sin ^ = 2, 

4. Prove the equivalents: 

(1) sec* + cosec* 6 = sec* cosec* ; 

(2) cos ^ - cos 3d = (sin 39- sin ^) tan 2^. 

5. ABC is a triangle right-angled at A ; BD meets ^C in D : find 
AD in terms of CD and the angles ABC, ABD, 

6. Shew that in any triangle 

(1) c.si^=^|!i^}; 

(2) tani(B-C)=^^cotJ^; 

(3) (&-c)cot J-4 + (c-a)cot J-B+(a-6)cotjC=0. 

7. Find an expression for the radius of the oirctimscribed circle 
of any triangle in terms of the sides. 

The bisector of the angle A meets the side BC in D and the cir- 

cumscribed circle in E: shew that DE= ^,, ^. , 

2(6+c) 

8. If the ratio of two sides of a triangle is 2+,j3: and the in- 
cluded angle is 60^, find the other angles. 

6 6 

9. Shew that cos - + \/( - 1) sin- is one of the values of 

{cos9+V(-l)sin9}", 
n being a positive integer. What are the other values? 

10. Sum the series : 

(1) cosd+oos29+cos39+ ton terms; 

(2) sin9 + isin2d+isin3d+ to infinity. 
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IX. Christ's Chubgh, Ozvobd, Entbance ScnoLABsnipff* 1883. 

!• Prove geometrically that ^>sm ^>^ - -j; being less than a 
right angle. 

* 

2. Prove the identities 

(1) cot(^+g)= ^t^^^t^ , geometricaUy. 

(ii) (coSii+Binii)(co8 2^ + sin2^)(coSil-8in3il) 

= oos2^cos4il. 

(iii) 2«(coBM + sin8ii) = c08 8iH-28oos4il + 36. 
(iv) 2 cos (n cos"^) = (as + ^/x*-!)* + (a; - ^^ac" ~ 1)», 

8. Shew that 

log.-=2-^-— - + }(—-) +i(-— ^]+...l 

Having given that log,S= 1*0986, find the value of log^g 3. 

4. Eliminate a, /3 from the equations 

xss (a sin^o + 6 cos^a) cos' /3 + c sin' j8, y—a cos' a + b sin' a, 

je = (6 -. a) sin a cos a cos /9. 

5. If circles can be both described about, and inscribed in a 
quadrilateral, whose sides are a, b, c, d, and the angle between 
the diagonals $, then 

ae^bd 



^=oos~i 



ac + bd* 



6. Solve a triangle, having given the base a, altitude h, and the 
difference of the angles of the base a. 

Account for the two values obtained for the vertical angle, and 
shew which of them is possible. 

7. Shew that in a plane triangle 

(i) S(6-c)(«-a)cosui=:0. 
(ii) 4JB=ra+rft+ro-r. 

I. 11 
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8. The triaxigle A'B'C circumscribes the escribed circles of the 
plane triangle ABC; shew that 

B'C _ C'A' ^ A'B' 
a cos A" b cos B c cos C * 

9. If £^ be the centre of the nine-point circle of the triangle ABC, 
then ^K^=B^+l;^+(^-a\ where B is the radius of the circum- 
scribing circle. 

10. If cos ($-{-4>aJ-1)=cob a + */-! sin a, and a, ^, are real, 
prove that tan^^-tan^a=sin2^sec'a, and find a relation between 
^and0. 

11. Sum to infinity the series — 

(i) cos a tan ^ - ^ cos 3a tan^ + f cos 5a tan<^ <p.,. 

(ii) {l-3-i)-j(l-3"*)+i(l-3"^)... 
r\ _i_a._JL_4._i_4. 



X. Ghbist's College, Gambbidoe. Ektbance Scholarship. 1878. 

1. Find the general expression for all angles which have a given 
tangent or cotangent. 

Solve the equation sec^ ^ + 3 cosec* ^ = 8. 

2. Prove geometrically the f ormulsa : 

(1) cos(^-J5) = cos-4cosB + siniisinB. 

(2) Bin^ + smB = 2sin J(4+J5)cosJ(ii-B). 
Shew that 

cosec A + cosec (^ + It) + cosec (^ + |ir) = 3 cosec SA. 

3. If $ be the circular measure of an angle less than a right angle, 
prove that sin $ is less than 0^ but greater than - J^. 

4. Prove that if a, /3, 7 are any three plane angles 

(cos a + cos /3+ COS 7) {cos2o+cos2j3+cos27-cos()3-|-7)-cos(7+a) 

- cos (a + /3) } - (sin a + sin /3 + sin 7) { sin 2a + sin 2j3 + sin 27 - Ejin ()3 + y) 

- Bin(7 + a) - sin(a + /9) } = COB 3a -i- cos 3^ + cos 37. 
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5. Shew that r=412 8m}^ sin jBsinJCT, 

where R is the radios of the ciroomscribing circle and r of the inscribed 
drde of the triangle ABC, 

If A, A' be the areas of the two triangles, in the ambiguous case 
(given A, a, &), prove that the continued prodact of the inscribed and 
escribed radii to the side b is eqnal to AA'. 

6. State De Moivre's theorem, and prove that there are n values 

and no more for the expression 

1 
{cos^+V(-l)s"i^}". 

Write down the fifth roots of ( - 1). 

7. Prove that 



and deduce the expression for sin d in factors. 
Shew that the Bum of the series 



34 + 54 + 74+ 94 + -— 64V 12/' 

• * * * 

XI. St John's College, Cambbidge. June Exam,, 1879.. 

1. Explain the method of measuring angles by degrees, minutes, 
Ac. 

The numerical measures of the angles A, B, C of a, triangle when 
referred to units l^^ m^, n^, respectively, are in arithmetical progres- 
sion, and when referred to units p^^ 9^ t^ respectively, they are in 
geometrical progression. Find A, B^ C, 

2. Define the sine and cosine of an angle, and prove that 

Bin2^+cos»il=l. 

If cosM+oosJS=l=sin3il+8in^, findil mdB, 

11—2 
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8. Prove geometrically that 

(1) 8m2A=2mnAooBA, 

/ov X A sin 2/1 

(2) tani4=3- 5—. 

* ' l-fcoB24 

If ^=2»Tl* ^"^^^^ *^* 

2* cos ^ cos 2d cos 2»d cos 2*-^^ = 1. 

4, Prove that 

ooSii + cos^=2cosi(4+£)cosi(il-B). 

Find 6 and </> from the equations 

cos a {COBa + COB(a + d)} = COSj8{CO8j8 + CO8 09+^)}, 

cosa {sina4-8in(a + d)}=C0Bj8 {8in)3+sin(j3 + 0)}. 

6. If d be the circular measure of an angle less than a right angle, 
prove that sin $, 0, and tan 0^ are in ascending order of magnitude. 

If the unit of measurement be a right angle, find the limit of 

tan — sm ^ , * 3 n »j. ^ j» •••lj 
^ as IS mdennitely dmiinished. 

4 

6, Expand log, (1 + x) in a series of powers of x. 

Prove that 

2 (cosii 4- Jcos^il + 1 (iOB^A ) = cos' Jii - sin* iA+i (cos* J-i - sin* j^ii) 

+J(coB«Jil-sin«Ji4) + 

7.< In any triangle the sides are proportional to the sines of the 
angles opposite to them. 

llirough the angular point C of a triangle ABC is drawn any liiie 
CMN on which are dropped perpendiculars AM, BN, Prove that 

MN=AM cot B-^BN cot A. 

8. Express the sine and cosine of half the angle of a triangle in 
terms of the sides. 

If ABC, A'B'C be two triangles, such that 

1 + cos ii _ 1 + cos -B _ 1 + cosC 
a' ■" F " c' * 

prove that tan ^A tan ^A' = tan JB tan }B' = tan J C tan iC\ 
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9. Give the formnlffi for the solntion of a ttiangle in ^vhich one 
angle and the containing sides are giyen. 

If (7=44®, a=43ft'., 6=llft., find ^ and 5. 

Having given 

log2 = -3010300, log 3 =-4771213, Ii tan 22«= 9-6064096, 
L tan 340 17'=9-8336109, X tan 34© 19'= 9-8338823. 

10. Ennnciate and prove De Moivre's theorem. 
If n be eqnal to 3m:i: 1, prove that 



n=«\ ( n(n-l) n(n-l)(n-2) j 
(l=Fn)-|^2— =P ^ 13 



^ | n(n~l)(n-2)(n-3) ^ n(n-l)(n-2)(n-3)(n-4) ) , ^^^^ 
( |4 |5 ) * ' 

11. Find the stun of the following series, eadh to n terms; 
(1) cos a -f cos 3a + cos 5a + • 

(2) ton-i2+tan-ij:j4-j+t«n-ij^ + tan-»j^P^g+ 



12. Besolve x'* - 2a;* cos ^ + 1 into factors. 
If n be an even integer, prove that 

- 2^ on-2/ 1X3 ^ 2t + ^ ^TT + e (2n-.2)ir+^ 
Bm2^=2«^( - 1)» cos - cos cos cos^ — — 



XII. St John's Colleob, GAMBBmoE. Hinob Scholabship, 1881. 

1. Shew that in the expression for tan — in terms of tan A we 
should h priori expect a doable result. Find tan 112<>, SO', 

2. A triangle ia such that the product of two sides is equal to the 
square on half the base : prove that the difference of the sides varies 
as the distance from the vertex to the middle point of the base. 

3. (i) If X, y, z be any angles, prove that 
8inJ(a;-y-«)sinJ(y-2) + sinJ(iB+y-;e) sinj(2/+z)=sinjajsiny, 

(ii) Also it Ay B, B be the angles of an isosceles triangle, 
. 2sin8(ii-J5)(2-coSii)=(3in2il+2sin25)(l-8cosulcos2 5). 
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4. (i) Eliminate $ from 

2cos8^+ X sec ^=31 
2 sin» e-^fji coaece=3J * 

(ii) If a?coBocosj8+a;(sino+sin/3) + l=01 
and aB*co8/3co8 7+«(8in/5+8in7) + l=0j ' 

prove that . x^oo8 7C08a+x(sin7+8ma) + l=0. 

5. Prove that the dietance between the centre of the inscribed 
circle and the inter8ection of perpendiculars from the angular points 
on the opposite sides of a triangle is 

2R {vers A vers B vers C - cos A cos B cos C]^, 

where R is the radius of the ciromnsoribed circle. 

p 

6. Prove that {<iOfi0-^*^{-l)ain0]^ admits of no more than q 
values. 

Find the continued product of the 4 values of 

{ cos Jt + V( - 1) sin Jt }*. 



Xm. Clabe, Caitts, and King's Colleges. June Exam,, 1880. 

1. Draw a curve representing the change in sign and magnitude 
of tan 2$ while 6 changes from to v. 

Do the same for tan 20 -' 2 tan $, 
iL Prove geometrically 

(1) te°M-^° i^t,n^ton3 . 

(2) cos3^=4cos>ii-3cosJ. 

If 3(l+tanMtanaB) + 8tani4tanB=tan«ui+tan»B, ^ and ^ 
differ by some multiple of iir. 

3. If sin BA be given, and from this value tan A is to be found, 
shew d priori that six values are to be generally expected. 

Prove by help of this, or otherwise, that 

tan»a{tan»(i7r-o) + tan»(Jir+a)}+tan»(Jir-o)tan«(ir+o) 

=6860^30+3. 
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4. If ^ + ^+^=0, prove that 

tan id tan id> tan J^= - = ^r -^ ^ (1). 

a av ar l + cO8d+COS0 + COS ^ ^ ' 

Pind cos X from the equation 

{4 COB (a; + o) - 1} {4cos (aj- a) - 1} =6 (2cos2o- 1) (2). 

Eliminate a from the equations 

sin __ cos 6 1 

/32 _ 1 ~" 2/3 sin 2a "" 1 + 2/3 cos 2o + i3» ' 

shewing that i8=tan(iir + i(?) (3). 

5. State the principle of proportional parts in the nse of tables of 
functions. What is meant by saying that the differences are {1) in- 
sensible, (2) irregular? 

Prove that they are both insensible and irregular in the case of the 
logarithmic sine when the angle approaches Jir. 

Determine a limit to the error which can be made in finding the 
logarithm of N-\-jjr7: from seven-figure tables from those of N and 
jY+ 1) where a lies between and 100 and 2^ consists of 5 digits. 

6. Explain fully the method of solving a triangle, given two 
sides, the included angle and a table of logarithms. 

ABCf AB'C are two triangles having AB, BG equal respectively 
to AB', B'C, and A, C, C are collinear. If the angle BAB^ is 1", 
find correctly to a tenth of a second the angle between BC and B'C, 
where AB=2BC and z ABC=W. 

7. ABC is a triangle and tangents are drawn to the nine-point 
ajid circumscribing circles at the four points where the perpendicular 
from A on the opposite side BC meets them. 

Prove that the four tangents form a parallelogram of area 

^ cos 4 cos J3 cos (7 
~tan (5^(7)"^ ' 

8. Find the limit of the expression (90 - 0) tan ^ as ^ approaches 
90. 
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9. Given that «"*+ -— =2 cob m$ for all values from to w, shew 
that the iormula holds when m+1 is written for m. Deduce the 

value of «• + — , in the most general form. 

a* 

10. Prove that Bm$=0--^— 

and deduce the exponential value of sin $, 

Shew that sin-^ (cosec 0) = (2\ + 1) Jr + V( - 1) U cot J (\t + $), 
where X is any integer positive or negative. 

11. Assuming the factorial expressions for sin and cos $, prove 
that tan 0>d, provided lie between and ^ir. 

By means of the result in question 8, or otherwise, prove that 
the infinite product 

4.65.66.77.8 . ,.16 

2Ti-476-6T8'87i0 IB equal to 3^. 

12. Sum the series, 

cosa+co8(o+j8) + ... ton terms (1), 

sin a-l-3 sin 2a+5 sin 3a+ ... to n terms (2). 



XIV. Chbist's, Emmanuel, and Sidney Sussex CoLLsaBs. 

June Examination, 1882. 

1. Define the Qosine and the tangent of an angle. 
Trace the changes in sign and magnitude of 

W *^^' (2) V3-tang ' 

as varies from Of* to S&fi, 

2. Prove geometrically that 
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Shew that 

(1) cos 2a cos2 (/5 4- 7) + cos 2)3 cos' (7 + a) + cos 27 cos' {a+p) 

= cos 2a cos 2)3 cos 27+2 cos'()3 + 7) cos (7 + a) cos (a + )3), 

sin|(a + ^)sm|(a + 7) ,^^ ■ sin j ()3+7)sin j (/3 + a) * 
8mJ(a-)3)Bin4(a-7) 8mJ03-7)sini(^-a)''''^^ 

smi(7 + a)sini(7+)3) , . « » 

+ • -i¥ — i~^-i^^—7>[ cos 7 = cos (a + )3 + 7). 
sinj(7-a)smj(7-j8) ' \ r n 

3. Find the limit of —3— when $ is diminished indefinitely. 

In order to ascertain the distance of an inaccessible object P, a 
person measures a length AB =20 yards in a convenient direction; 
at A he observes that the angle PAB = QO°, and at B that the angle 
PB A = 119^ 2(y. Find approximately the distance BP. To what 
degree of accuracy is your result correct, supposing (1) that there is 
no error in the measurement of the angles, (2) that there is an error 
of V in the measurement of each angle? 

4. In any triangle ABCj shew that 

a=6cosc + ccosB, 
and that a^^h^+c' -260 008 A. 

If N be the foot of the perpendicular from G on AB, and the circle 
on CN as diameter cut CA, CB in P and Q respectively, shew that the 
angle BPN is equal to the angle AQN. 

5. Express the area of a triangle in terms of its sides. 

A straight line AB is divided at G into two parts of lengths 2a 

and 26 respectively. On AG, GB B,ndAB as diameters semicircles are 

described so as to be on the same side of AB, If be the centre of 

the circle which touches each of the three semicircles, shew that its 

radius 

__ aft (a + 6) 

and that its diameter is equal to the altitude of the triangle AOB. 

6. Shew how i;o find the height and distance of an inaccessible 
object on a horizontal plane. 
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A person wisliing to ascertain the height of a tower stations him- 
self in a horizontal plane through the base at a point at which the 
elevation at the top is 3Qf^, On walking a distance a in a certain 
direction he finds that the elevation of the top is the same as before, 
and on walking a distance five-thirds of a at right angles to his 
previous direction, he finds that the elevation of the top is 60^ Shew 
that the height of the tower is \/|a or Vf t^* Explain the two results. 

7. In a triangle ABC, I, V and are the centres of the inscribed 
circle, the escribed circle opposite A and the circumscribing circle 
respectively, and R is the radius of the latter circle. Shew that 

(1) OV^B^ (1-8 sin \A sin JB sin JC), 

(2) fa>uior=^ ^(f^-/^ g). 

* ' 2cos^-l 

8. Explain the meanings of sin'^o; and tan~^ x. 

How many bounding lines are required to construct all the angles 
included in the formula 

Bin~^ a + cos~^ 6 + tan~^ c ? 

Shew that sin-i a + cos-i 6 = sin^^ (ah + ^1^^ JiZJ^), 

If xy+yz-\-7£x=\f prove that one of the values of 

9. Assuming De Moivre*s Theorem find the expansions of sinn^ 
and cos nd as homogeneous functions of sin 6 and cos $, 

Find the equation whose roots are tan^ -^ , tan' ^r » ta^* tt t 

A. K 

tan'^T > ai^d tan' ^r • -^^^ ^^ ^^^ ^^^^ ^^ ^^ fourth powers of 
these tangents. 

10. Investigate Gregory's series for the expansion of tan'^as in 
I>owers of x. 

Expand tan"^ (a;+ cot a) in powers of x. 

11. Prove that 



cosnd = 2»~^(cos^-oos^jf cos^-cos^j (cosg- ^ )' 
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Shew also that if p<n 

cosJ>^ l:^-\ ,,, ™ 2n ^^ 2n 



cos n^ n rM> - {2r + 1) IT 

cos ^ - cos — ^ 

12. If ^, B, C, D be the angular points of a regular polygon 

of n sides inscribed in a circle of radius a and centre 0, shew that 

P^2.PB2.pca„.=r*»-2aV»cosn^+o2», . 

where OP=:r and the angle AOP^B, 

Prove also that the sum of the angles that AP^ BPy CP, ... make 

r" sin nd 



with OP is tan-i 



r*cosnd-a*' 



ANSWEES TO THE EXAMPLES. 



n. 

(3) The student should observe that each of these series is very 
slowly oonvergent. 

m. 

(2) log. 7 =1-9479. 

IV. 

Examples (1)» (2), (3) indicate a method of obtaining the Log- 
arithmic and Exponential Expansions. 

(6) This is a form of Euler*s Formula 

• ii on ^ ^ ^ ^ . ^ 

sm ^=2» cos ^ cos g, cos ^^ .... cos ^bui^^ 



when is indefinitely increased. 



VI. 



(8) (i) (-l)'^Vi. (ii) (-l)""^'**. 



vn. 

(1) V2 { cos (- 46») + 1 sin (- 460) } , 2 (cos 30^ + i sin 300), 

2(cos60o+<Bin600). 
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(2) (i) 2 (cos 160+1 Bin 160), 2(cosl360+f sin 1350), 

2 (cos 2660 +i sin 2660). 

(ii) 2 (cos 100 + 1 sin IQO), 2 (cos 1300 f i sin ISQO), 
2 (cos 2600 +i sin 2600). 

(iii) ^2 (cos 60 + i sin 60), -^2 (cos 780 + 1 sin 780), 

</2 (cos 1600 + i sin 1600), .^2 (cos 222© + i sin 2220), 
</2 (cos 2940 + i siir 2940). 

(3) (i) dbl, ±V(-1). 

(ii) 2, 2 {cos}(2nr)+t8mi(2rT)} patting 1, 2, 3, 4 for r 
successively. 

(iii) 3, |{-l+tV3}, |{-l-iV3}. 

vm. 

(1) l,cosi(2rT)+tsini(2nr), wherer=l, 2, 3, 4. 

(2) (a:3-l)(a;2-^2a?+l)(ajHl)(a;«+V2«+l). 

(3) {x - 1) {ac* - 2a? cos ^ (2nr) + 1 } six factors putting 1, 2, 3, 4, 6, 6 
forr. 

(4) («8-l)(xa-a?+l)(iB»+a?+l), (6) «" - 2aa? cos A (»'ir) + a» 

(6) cosi(nr)+tsin^(nr), r having each integral value from 
up to 11. 

IX. 

(2) (aj*-V3a? + l)(a?» + l)(«'+V3«+l). 

(3) a^»-2a? cos (l+2r) 90 + 1. 

(4) Solve the equation (x* - \/Bx + 1) (x^ + 1) (x' + V3« + 1) = 0. 
(6) (x + 1) j x^ - 2x COS yV (^ + 2nr) + 1 ( seven factors in all. 

(6) cos ^'^^^ +tBin ^'^ ^ , where r may have any integral 
n n 

value. 
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(3) With the notation of Ex. (1) 

Bm(a+)3+7+a+€)=i8fiC4-i8f8C2 + i55 
cos(a+)3+7 + « + e) = C6-Sra^5+iS'4(7i. 

xm. 

(9) Put 6=0 in Ex. 3, p. 26. 
(10) Put a=0, /8=1 in Ex. 8, p. 26. 

(17) /^(- 1) = cos — - — + i sin ^ _ ^ ; making this substitution 

o o 

a^* is expressed in the form a*"*"**. Then proceed as in Ex. 3, p. 26. 

(18) c*=e* ^^ ^=cos (log e) + 1 sin (log c), 

.*. a + 16 + c*= {a + cos (log c)\ + 1 {6 + sin (log c)}. 
Then proceed as in Ex. 8, p. 26. 

XIV. 

(1) The equation e^^^=e^^ does not assert that 6ir=0, but that 
5ir=0+2inr. 

(2) e»*(*-»)=et(a+ir)^ does not assert that t (a -ir) = i (a + ir). 

xvn. 

(1) (a» - ac cos 16« + 1) («» - 2x cos 106« + 1) («« - 2 cos 1950 + 1) 

(a;2-2a;cos2850+l)=0. 

(2) («« - 2x cos 20 +!)(«»- 2a; cos 740 + 1) (a;2 - 2a; cos 146® +1) 

X (a;2 - 2x cos 2180 + 1) (a^ - 2a; cos 290° + 1) = 0. 

(8) a^-2a;c6sj(3nr+ir) + l=0, six quadratics. 

(4) as? + 2a; cos (rx 720 +60) + 1=0, five quadratics. 

t5) «'-2a;ycos hy^ w factors. 
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XIX. 

(5) is the smaller root of the quadratic 

^-2d + (-0029...)2V2=0. 

(7) 2»-.. (8) ?!^'. (9) i^rZO'. 

(10) tV. 

XXI. 
2n(2n-l) ... (n+l) 



W (i) 



n(n-l)... 2.1 ' 



■ (ii) (2»+l)2»(2n-l) (n.f2)^^^^ 

n.(w-l) ... 2. 1 

,.... _ (4n + 2)(4n + l) ... (2>t + 2) 
^^^ (2» + l)2»(27i-l)... 2.1* 

XXIV. 

n 

(1) n even, {(- 1) i - cos na] 2-»+i ; n odd, 2"*+^ cos no. 

(2) n even, ; n odd (- 1) a 



.!^ n 



coswa* 



« w-l 

(3) n even, (- 1)2 (1 - cos na) 2-»+i ; n odd (- 1) a 2-"+i sin wa. 

(4) n even, ^ ; n odd -. -„ — . 

l-coswa sm^TMt 

/» w(w-I)(w-2)^ _^ 
ntang- ^ J^ ^tan8d+ ... 

(5) (6) (7) tan na= i^^^ 

l_^!t±ltan2^+etc. 

by Art. 40 is an equation of the n'^ degree in tan 0, of which tan a is 

one root, and tan ( a + — ) is another. Henoe as in Art. 61. 
„ \ nj 

n^ 

(6) The sum, n even, =r — s Hn(n-1); 

' tan^na ^ " 

n odd=n2 tan^ na + n (n - 1). 

(6) The sum, n even, =-ncotna; n odd, =ntan7ta. 

(7) , The. sum = n cot na. 
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XXV. 

(3) Let a=(cos^)~*^ then log w= cot ^ log (cos ^) 

the limit of this=0 when ^=0, therefore the limit of ii is 1. 

(4) -00. (5) Of the third order. 

(8) 2-*»«|cos4nd + ^^^^^^'co8 4(n-l)^ 

4n(4n-l)(4»-2)(4n-3) .. ^, . ^ ) 
•*• 1:2.3.4 ^C084(n-2) (?+...[ 

(10) By Art. 40, or Ex. 12, p. 43, the equation 

. - n(n-l)(n-2) , ,. . 
ntan ^ - ^ ., ;: ., — tan'^-f ... 



tan nas 



- n(n~l), -^ 
1-.-^— 2-'tan2^+... 



has for its roots a, o+- , a + — , ... 

n n 

Put a=0, n=ll, and divide by tan $, when we have an equation 
in tan d^ viz. 

0=1-16 tan2^ + 42 tan*^ - 30 tan«d + 5 tans^ - A: tan^^, 

whose roots are db tan ^\fl-, ^ttanY^ir, ... dbtan^r^ 
writing x for tan^d, we have the required equation. 

XXVI. 

. .^. 8inifn + l)a8ini7ta .„. cosna.sinna 

ill : z • ia) ; — . 

^ ' sm^a ' sma 

8ini(3n-l)a8in{na ... sin (« + 1) a sin na 

lOI ; • (4) — — : • 

Binfa ^ ' 2 8mo 

/e\ 1 f . cos(n+l)aBinnal ,«» tt . • ^/« . . « » 

(6) J^n+ — ^ -^ k (6) Usesm«a=J(3sma-sin3a). 

I sin A J 

(7) l78eooB^a=sicos4fi(+Jcos2a+|. 

(8) =J(8in3a+Bina) + J(8in6a + Bina) + J(8in7a + sina)+.., 
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(9) =J{cofia-coi3 3a+cosa-cos5a + oosa-oos7a+...}. 

(10) ITseco8«a=J(oos3a+3co8o). 

(11) Usesm*a=isin4a-Jsin2a+|. 

r 

(^^) ^^ "F ' ^' ii+l ^^^ "*" i '^^ ^^®'® ** ^^ *^y integer. 

(13) Oand|n. 

(16) in{n+l). (17) in2(« + l)2. (18) in(n + l){n + 2), 

(19) Write a+T for ^. (20) Write a+ir for 5. 

XXYII. 

(1) cosec^{taii(»+l)^-tan^}. n 

ft 

(2) cosec {cot ^ - cot (n + 1) 0}. 

(3) Bee ^{tan (n+1) (^-iir)+cot^}, this may be proved by putting 
0-iirfoT0mEx.{l). J P -^ 

(4) Each term in this series is one-half the corresponding term in 
Ex. (1). 

(5) Jcosecia{secJ(2TO+l)o-seoJa}. 

(6) i cosec Ja {cosec J a - cosec i (2n + 1) a}. 

(7) ism 2^-^15810 2*+!^. 



(8) isin2d-(-l)»A_gin2«+i^. 

(9) J sin 2^ - (- 1)« 2»-2 sin ^ 



(10) The result is similar to that in Ex. (6). 

(11) Jseca{co8eca-(-l)«cosec(2w+l)a}. 

(12) tan-i(n+l)-tan-il. 

(13) tan-i (n+1) a -tan-la. 

(14) tan-i(n+l)2a«-tan-ia». 

(15) cotd-2*»cot2»»^. 

^ 12 
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(16) The eeries leduoes to [See Ex. 5, p. 66] 

2 (oosec 2a + cosec 4a + ooseo 8a + ... to n toims). 

(17) i{oos2^-co8 2»+i^}. (18) j|co8^-cos4^|. 

(19) icosec«|-2*-icosec8 2«-i^. (20) ~co8eo«|i-cosec«^. 

(21) cot — -cot a. 

(22) The series rednces to [Ex. 5, p. 66] 

sin a (oosec 2a + cosec 4a + oosec 8a+ ... to n terms). 

(23) 1-;^. (24) 2««-l. 

xxvm. 

,-. sin a . COB a- X COB (a- P ) 

^ ' l-2a?cosa+a^' ^' l-2xco8/8+«« * 

.«. sin a - cos a sin (a - ffl . cos a - sin acos (a - /3) 

^ ' l-2oosacos/3+cos'a' ^ ' 1-sin 2a+8in'a ' 

(5) ««»*8m(sina). (6) «*«»*Bin(a?8ina). 

(7) «"<»»««*^cos(cosaBin/9). 

(8) e-<»»*«*^sin(a-cosasin/S). (9) }a. 

(10) -log (2 sin ia). (11) i log (1 + 2 sin a cos /3+ sin* a). 

(12) -log(l+2cos^cos0+cos»^). 

. cosa-a?cos(a-/8)-a5Hcos(a+«/3)+a?*^^co8{a+(n-l)/3} 
^^^' l-2«cos/3+«« 

(14) 

gsina+g»sin(tt-/3) + (-g)»*-^sin(a+n/3)-(-g;)»^sin{a4'(n-l)/3^ 

l + 2«C0B/8+«* 

(15) 2*^ COS* i a cos i na. 



ANSWERS TO THE EXAMPLES. 179 

(16) r» sin (a+mp), when i^=l + 2x cos a + a^i and 

xmnB 
tan =r ^—T . 



(17) 
(18) 
(19) 
(20) 



1 - cos g cos /3 - coB*a {cosw/3~coaaoos (n- 1) /3} 
1 - 2 cos a cos /3 + cos* a 



Bina{l~sm(a--j3)^-sin*tt{8m(tt+wj8)~smttsm(a4-n— Iff)} 

l-2smacos/3+sm2o " 

(n+ 1) sinng •- n sin (n+ 1) a 
2(1 -cos a) 

n* { cos na - cos (n + 1 ) a } + 2n cos na sinasinna 
2(l-oosa) 2(l-coso)«' 



(21) rvsin— , wlieref'=l+2cosacos/3+0O8'a, and 



. ^ cosasinfl 
tan A=- ^. 

l+cosacosS 



2*r cos A 

(22) Thesnm of a;oos9~}2;'co8d^+eto.=]ltan~^-^i — -^; .*. the 

required STim=i (2n+ 1) ir. 

(23) ««'^*«»(»^«)oos{e«»*sin(sma)}. 

(24) Jtan-i^'?-. (26) ten-i /f" . 

sinhx l4-«*cos« 

XXIX. 

(2) Bina+a;Bm2a+a:'sin3a + ... 

(3) l-ajcos^+«2cos2^-«'cos3^+etc. 

(4) -2 {a5COSo+Ja;'cos2a+i«'cos3a+...}. 
(6) sina+a!sin(a+ff)+sc^sm(a + 2/3)+... 

,^. - fl!:?C08 2a x^cosSa . 

(6) I+JBCOS o+ — j^-g- + 17273 • • 

(7) l+r«cos rtan-i^^ + ^cos2rtan-i^^ + ... 

wherer"=a*+6'. 

12—2 
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n 

(8) The coefficient of x* is -^, cos -r cos -1^ tan"^ ^ ~, [ . 

^ [n^ 4 [2 2ah J 

(9) XBina+z: — jr8in2a+r — jr— 5sin3o+... 

(10) l+a?cos(o+/8)+=— sCOs(a + 2j8) + ... 

J. > A 

(11) sina+ajsin(a+/3) + :i— 5 8in(a + 2j3)+Y— s— ^sin(a + 3/3) + ,.. 

(13) Here ^r r: =n -r; :z. 

.•. e^^=ff^^ jp^ wnere r=^ . 

.\ 2i4>+ 2imT = 2ie + log (1 + re " ^^ - log (1 + r«2»*). 
.-. ^+mir=^-rsin2^+Jr2sin4d-... 

(14) Bec»^=2» {cosntf-n cos (n+2) ^ + ^.^j!^) cos (n +4) ^- ... } 

/iifv . •■ nhi+l). « n(n+l)(n+2)(n+3). . 
(16) cosnacos»a=l--;-~tan2a+-^ — - '\ -^\ -'tan*a-... 

X.J l,J.o.4 

(16) These series are recarring series 

n l-3co 8g 3(l-2co8g) 
^^' l-6co8^+9'*"l-4co8^+4' 

... If as sin ^ Sa; sin ^ ) - 

^^^^ 3 (l-2xco8^ + x»'^l-8a;co8d + 16a?»J 



XXX. 

(1) Use the second of the identities in Art 81. 

(5) Put Jt for ^ in the expression of sin ^ in factors. This ex- 
pression is known as WaUis's expression for ir. 

(15) Pat ix for ^ in both sides of the identity. 
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(17) — \ — — =cos ^ + cot a sin 6 ; use this transformation in Ex. 
^ ' sina * 

(8), expand cos ^ + cot a sin ^ in ascending powers of $ by Art. 41 and 

equate the coefficients of on each side. 

(19) This result may be deduced from Ex. (13). 

(20) Put iir - a for a in (19). 

XXXIL 

(1) (i) 8-4832462. (u) 8-0563377. (m) 8-4834473. 

(2) (i) l«44'36"-8. (ii) 66' 37"-4. (iii) P44'36"-8. 

(1) -1-708 {ldb2-0035}. (2) 39705 {1± -91032}. 

XL. 

(1) (i) 2 COB 400, 2cosl60^ 2cos80o. 

(ii) V2cosl5», V2cosl35'>, V2cosl060. 

(iii) 2 cos 400 + 1, 2 cos 1600 + 1, 2cos800 + l. 

(iv) 2V2cos450-4, 2 V2 cos 165° - 4, 2V2 cos 760-4, 

(v) 4 cos 100 -V3, 4 cos 1300 -V3, 4 cos 1100-^3. 

(2) (i) 3a =10 22'. (ii) 3a=65041'53". (iii) 3o=74065'47". 

(3) (i) Find a and p such that a=tan a, 6=tanj3, then 

a db & = sin (a :t j3) sec a sec /3. 

(ii) a cos ^db& sin ^=acos {6^a) sec a, where tan a;=- . 

(iii) 4sinJ(5+C)8ini(C+^)sinJ(^+B). 
(iv) 4 sin (^ - o) sin (m$ - a) cos (0 - ma), 
(y) 4JZ sin ^ sin B sin C, 
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XLL 

(2) Divide the first equation by a, the seoond by 6, square both 
sides and add. 

(3) The seoond equation gives cos* a = - — r . 

") (^S)'-'(i*g)-i=»- " 

(7) 6*=c" - 2ae cos 20 + a'. 

(9) oos49s}(2m3-5), sin(a-49)=}sina, and soon. 

XLm. 

(85) A^. 

(91) sin d is greater than - ^^, when is less than } ir 
cos ^ is less than 1 - J^ + ^^0*. [Art. 44, 46. ] 

Therefore tan ^ is greater than :: — - ..^^ , .. , 

That is, tan ^ is greater than ^+i^'+,i^^i^,^; and if ^ is 
less than }«■ the last fraction is positive. 

(96) tan-4-tan-^-^^,^^ 
(98) 



2sin^oos)t^cos(»+l)^ sin 2^' 

(101) J{cotJd-3»»coti(3«d)}. 

(104) See Ex. 100. (110) 2 cos e^ «>' *. 

/^^*i /.* 1 «sina-«*sin7Mi+«*+^sin(fi-l)a 

(111) (i) 1 + ;- — „ . a ^ — . 

^ ' ^' l-2ecosa+«* 

#-v X A * ^ /nAi -sinin(ir-a) 
(u) tantf-tan;5-. (112) — si-.— s^i • 



ANSWERS TO EXAMINATION PAPERS. 

I. 

6. .469296; 71044'29", 48n6'3r. 6. ^,,^^o^^,^^. ^ 

n. 

4. ^=JnT+jT. 6. a* 6. -. 

8. 63»r48", 69«29'23". 

nL 

1. 1300 _?Z5!, jfl._3 2. 1200, 240«. 

3. nr + Jir, »ir+iir. 7. l-log2, 31og2-8, |log2-l. 

10. 74»60'38", 60»32'58". 11. 6 ft. 4 m., 6* ft. 

IV. 

7. 0=180, 6=coBec 180, a=cot 180-1. g. 780 27' 27". 

11. 166-4, 666-4. 

V. 

3. a:=nr-Jir, 4naj=rr+Jr. 

VI. 

2. 2 cos (/3 - 7) COB (7 - a) cos (a - p), 

bsmC b 'asinC a 
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ELEMENTARY CLASSICS. 



i8mo, Eighteenpence each. 



This Series falls into two classes — 

(i) First Reading Books for Beginners, provided not only 
with Introductions and N otes, but with Vocabularies. 

(2) Stepping-stones to the study of particular authors, 
intended for more advanced students who are beginning 
to read such authors as Terence, Plato, the Attic Dramatists, 
and the harder parts of Cicero, Horace, Virgil, and 
Thucydides. 

These are provided with Introductions and Notes, but 
no Vocabulary. The Publishers have been led to pro- 
vide the more strictly Elementary Books with Vocabularies 
by the representations of many teachers, who hold that be- 
ginners do not understand the use of a Dictionary, and of 
others who, in the case of the very large class of middle- 
class schools where the cost of books is a serious considera- 
tion, advocate the Vocabulary system on grounds of economy. 
It is hoped that the two parts of the Series, fitting into 
one another, may together fulfil all the requirements of 
Elementar}' and Preparatory Schools, and the Lower Forms 
of Pubhc Schools. 
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MACMILLAN'S CLASSICAL CATALOGUE . 



The following Elementary Books, with Introductions; 
Notes, and Vocabularies, are either ready or in 
preparation : — 

Caesar — the GALLIC WAR. BOOK I. Edited by A. S. 
Walpole, M.A. [Ready, 

THE INVASION OF BRITAIN. Being Selections from 
Books IV. and V. of the " De Bello Gallico." Adapted for 
the use of Beginners. With Notes, Vocabulary, and Exercises, by 
W. Welch, M.A., and C. G. Duffield, M.A. [In preparation. 

THE GALLIC WAR. BOOKS II. and IIL Edited by the 
Rev. W. G. Rutherford, M.A., Head- Master of Westminster 
School. [Ready, 

THE GALLIC WAR. SCENES FROM BOOKS V. and VL 
Edited by C. Colbeck, M.A., Assistant- Master at Harrow; 
foianerly Fellow of Trinity College, Cambridge. [Ready, 

Cicero.---DE SENECTUTE. Edited by E. S. Shuckburgh, 
M.A., late Fellow of Emmanuel College, Cambridsfe ; Assistant- 
Master at Eton College. [In preparation. 

DE AMICITIA. By the same Editor. [In preparation. 

SELECTIONS. Adapted for the Use of Beginners. With Notes, 
Vocabulary, and Exercises, by the Rev. G. E. Jeans, M.A., 
Fellow of Hertford College, Oxford, and A. V. Jones, M.A., 
Assistant -Masters at Haileybury College. [2n preparation. 

EutropiuS. — Adapted for the Use of Beginners. With Notes, 
Vocabulary, and Exercises, by William Welch, M.A., and C. 
G. Duffield, M.A., Assistant-Masters at Surrey County School, 
Cranleigh. [Ready. 

Greek Testament— selections FROM THE GOSPELS. 

Edited by Rev. G. F. Maclear, D.D., Warden of St. Augustine's 
College, Canterbury. [In preparation. 

Homer. — ILIAD. book I. Edited by Rev. John Bond, M.A., 
and A. S. Walpole, M.A. [In the press. 

ILIAD. BOOK XVIII. THE ARMS OF ACHILLES. Edited 
by S. R. James, M. A., Assistant-Master at Eton College. 

[Ready. Vocabulary in preparation. 

ODYSSEY. BOOK I. Edited by Rev. John Bond, M.A., and 
A. S. Walpole, M.A. [Ready. 
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Horace.— ODES, books L—IV. Edited by T.E. page, M. a. 
late Fellow of St. John's College, Cambridge ; Assistant-Master 
at the Charterhouse. Each is. 6d, 

[Ready. Vocabularies to Books II. and III. in preparation, 

Livy. — BOOK I. Edited by H. M. Stephenson, M.A., Head 
Master of St. Peter's School, York. [Ready. 

THE HANNIBALIAN WAR. Being part of the XXI. and 
XXII. BOOKS OF LIVY, adapted for the use of beginners, 
by G. C. Macaulay, M.A., Assistant-Master at Rugby ; formerly 
Fellow of Trinity College, Cambridge. [Ready. 

THE SIEGE OF SYRACUSE. Adapted for the Use of Begmners. 
"With Notes, Vocabulary, an4 Exercises, by George Richards, 
M. A. [In preparation, 

Ovid. — SELECTIONS. Edited by E. S. Shuckburgh, M.A., 
Assistant-Master at Eton ; late Fellow an4 Assistant-Tutor of 
Emmanuel College, Cambridge* [Ready, 

PhaedruS. — select fables. Adapted for the Use of Be- 
ginners. With Notes, Vqcabulary, and Exercises, by A. S« 
Walpole, M.A. [In the press* 

Thucydides.— XHE RISE OF THE ATHENIAN EMPIRE. 
BOOK L cc. LXXXIX. — CXVIIL and CXXVIIL — 
CXXXVIII. ^Edited by F. H. Co;,soN, M. A., Senior Classical 
Master at l^radford Grammar School ; la^e Felloy^ of St. John's 
College, Cambridge. [In the press, 

Virgil.— ^NEID. BOOK J. Edited by A. S. Walpole, M.A. 

[Ready* 
iENEID. BOOK V. Edited by Rey. A. Calvert, M.A., Fellow 
of St. John's CoUege, Cambridge. [Reacfy. 

SELECTIONS. Edited by f;. S, ^huckburgh, M.A. 

[Ready. 

Xenophon. — ANABAglg. BOOK I. Edited by A. S. 
Walpole, M.A. [Ready, 

The following more advanced Books, with Introductions 
and Notes, but no Vocabulary, are either ready, or in 
preparation : — 

Cicero. — select letters. Edited by Rev. G. E. Jeans, 
M.A., Fellow of Hertford College, Oxford, and Assistant-Master 
at Haileybury College. [Ready. 

Euripides.— HECUBA. Edited by Rev. John Bond, M.A. 
and A. S. Walpole, M.A. [Ready. 
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Herodotus.— SELECTIONS FROM BOOKS VIL and VIIL 
THE EXPEDITION OF XERXES. Edited by A. H. Cooke, 
M.A., Fellow and Lecturer of King's College, Cambridge. 

{Ready, 

Horace. — SELECTIONS FROM TriE SATIRES AND 
EPISTLES. Edited by Rev. W. J. V. Baker. M. A., Fellow of 
St. John's College, Cambridge ; Assistant-Master at Marlborough. 

[Ready, 

Livy.— THE LAST TWO KINGS OF MACEDON. SCENES 
FROM THE LAST DECADE OF LIVY. Selected and Edited 
by F. H. Rawlins, M.A., Fellow of King's College, Cambridge; 
and Assistant-Master at Eton College. [In preparation. 

Plato.— EUTHYPHRO A,ND MENEXENUS. Edited by C. E. 
Graves, M.A., Classical Lecturer and late Fellow of St. John's 
College, Cambridge. [Ready, 

Terence. — SCENES FROM THE ANDRIA. Edited by F. W. 
Cornish, M.A., Assistant-Master at Eton College, [Ready, 

The Greek Elegiac Poets,— from callinus TO 

CALLIMACHUS. Selected and Edited by Rev. Herbert 
Kyn ASTON, M.A., Principal of Cheltenham College, and formerly 
Fellow of St. John's College, Cambridge. # - [Ready, 

Thucydides.— BOOK IV. tns. L— XLI. THE CAPTURE 
OF SPHACTERIA. Edited by C. E. Graves, M.A. [Ready, 

Virgil. — GEORGICS. BOOK II. Edited by ReV. J. H. Skrine, 
M. A., late Fellow of Merton College, Oxford ; Assistant-Master 
at Uppingham. [Ready, 

%* Other Volumes to follows 



CLASSICAL SERIES 
FOR COLLEGES AND SCHOOLS. 

Fcap. 8vo. 

Being select portions of Greek and Latin authors, edited 
with Introductions and Notes, for the use of Middle and 
Upper forms of Schools, or of candidates for Public 
Examinations at the Universities and elsewhere. 

^Schines. — in CTESIPHONTEM. Edited by Rev. T. 
GwATKiN, M. A., late Fellow of St. John's College, Cambridge. 

[//• the press. 



CLASSICAL SERIES. 



-ffischylus, — PERSiE. Edited by A. O. Prickard, M.A., 
Fellow and Tutor of New Collie, Oxford. With Map. y, 6d. 

Catullus. — SELECT POEMS. Edited by F. P. Simpson, B.A., 
late Scholar of Balliol College, Oxford. New and Revised 
Edition. 5^. 

Cicero. — the CATILINE orations. From the German 
of Karl Halm. Edited, witli Additions, by A. S. WilkiNs, 
M.A., Professor of Ldtin at the Owens College, Manchester. 
New Edition. 3j. 6d. 

PRO LEGE MANILIA. Edited after Halm by Professor A. S* 
WiLKiNS, M.A. 3J. 6d. 

THE SECOND PHILIPPIC ORATION. From the German 
of Karl Halm. Edited, with Corrections and Additions, 
by John E. B. Mayor, Professor of Latin in the University of 
Cambridge, and Fellow of St. John's College. New Edition, 
revised, ^s, 

PRO ROSCIO AMERINO. Edited, after Halm, by E. H. Don- 
kin, M.A., late Scholar of Lincoln College, Oxford ; Assistant- 
Master at Sherborne School. 4^. 6d. 

PRO P. SESTIO. Edited by Rev. H. A. Holden, M.A., LL.D., 
late Fellow of Trinity College, Cambridge ; and late Classical 
Examiner to the University of London. $s, 

Demosthenes. — DE corona. Edited by B. Drake, M.A., 
late Fellow of King's College, Cambridge. New and revised 
Edition. 4;. 6d. 

ADVERSUS LEPTINEM. Edited by Rev. J. R. King, M.A., 
Fellow and Tutor of Oriel College, Oxford. 4s. 6d, 

THE FIRST PHILIPPIC. Edited, after C. Rehdantz, by Rev. 
T. GwATKiN, M.A., late Fellow of St. John's College, Cambridge. 

Euripides. — ^BACCHAE. Edited by E. S. Shuckburgh, M.A., 
Assistant-Master at Eton College. [In preparation, 

HIPPOLYTUS. Edited by J. P. Mahaffy, M.A., Fellow and 
Professor of Ancient History in Trinity College, Dublin, and J. B. 
BurY| Schjolar of Trinity College, Dublin. 3/^ 6d, 
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Euripides.— MEDEA. Edited by A. W. Verrall, M.A., 
Fellow and Lecturer of Trinity College, Cambridge. 3^. 6d, 

IPHIGENIA IN TAURIS. Edited by E. B. England, M.A., 
Lecturer at the Owens College, Manchester. 4r. 6d, 

Herodotus.— BOOXS v. and VL Edited by Rev. A. H. 
Cooke, M.A,, Fellow of King's College, Cambridge. 

[In preparation, 

BOOKS Vn. AND VIII. THE INVASION OF GREECE BY 
XERXES. Edited by Thomas Case, M.A., formerly Fellow 
of Brasenose College, Oxford. [In preparation. 

Homer. — iliad. books l, ix., xl, xvl— xxiv. the 

STORY OF ACHILLES. Edited by the late J. H. Pratt, 
M.A., and Walter Leaf, M.A., Fellows of Trinity College, 
Cambridge. 6j. 

ODYSSEY. BOOKS IX.— XII. THE NARRATIVE OF 
ODYSSEUS. Edited by Prof. John E. B. Mayor. Part I. y. 

ODYSSEY. BOOKS XXL— XXIV. THE TRIUMPH OF 
ODYSSEUS. Edited by S. G. Hamilton, B.A., Fellow of 
Hertford College, Oxford, y, 6d. 

Horace.— -THE ODES. Edited by T. E. Page, M.A., formerly 
Fellow of St. John's College, Cambridge ; Assistant- Master at 
Charterhouse. 6s, (BOOKS I., II., and IV. separately, zr. each.) 

THE SATIRES. Edited by Arthur Palmer, M.A., Fellow of 
Trinity College, Dublin ; Professor of Latin in the University of 
Dublin. 6j, 

THE EPISTLES and ARS POETICA. Edited by Professor 
A. S. WiLKiNS, M.A. [In the press. 

Juvenal, thirteen satires. Edited, for the Use of 

Schools, by E. G. Hardy, M.A., Head-Master of Grantham 
Grammar School ; late Fellow of Jesus College, Oxford. 5^. 

SELECT SATIRES. Edited by Professor John E. B. Mayor. 
X. AND XI. 3J. 6d. XII.— XVI. 4x. 6d. 

Livy. — BOOKS II. AND III. Edited by Rev. H. M. Stephenson, 
M.A., Head-Master of St. Peter's School, York. 5/. 

BOOKS XXI. AND XXII. Edited by the Rev. W. W. Capes, 
M.A., Reader in Ancient History at Oxford. "With Maps. $s. 

BOOKS XXIII AND XXIV. Edited by G. C. Macaulay, M.A., 
Assistant-Master at Rugby. [In preparation. 
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XI. Edited by J. H. Warburton 
-ir/Z^^^v ^ ^^^^ ' Corpus Christi College, Oxford, and 

^^"^^i^^M^^ ^' Un pr^aration. 

^ ^JL ^^-^ jb^^' .TIONS. Edited by E. S. Shuckburgh, 

^^'^^^•W^ *' r at Eton CoUege. dr. 

'^^^e/^' : EPIGRAMS. Edited by Rev. H. M. 

•'-,,. ^ .. or. 

^ V r^ ^ ,' Edited by G. H. Hallam, M.A., Fellow of St. 

' ' vl •* tl..T^ i Cambridge, and Assistant-Master at Harrow. 

,. . ^ EPISTULiE XIII. Edited by E. S. Shuckburgh, 

•^-^ .PHOSES. BOOKS XIII. and XIV. Edited by 

•i^ ^. JNS, M.A. [In the press. 



.^•♦, MENO. Edited by E. S. Thompson, M.A., Fellow of 

. , *** • *'s College, Cambridge. [In preparation. 

'•^ .OGY AND CRITO. Edited by F. J. H. Jenkinson, 

A., Fellow of Trinity College, Cambridge. [In preparation. 

' • E REPUBLIC. BOOKS I.— V. Edited by T. H. Warren, 

M.A., Fellow of Magdalen College, Oxford. [In preparation. 

.autus.— MILES GLORIOSUS. Edited by R. Y. Tyrrell, 
M.A., Fellow and Professor of Greek in Trinity College, Dublin. 

Pliny.— LETTERS. BOOK III. Edited by Professor John E. B. 
Mayor. With Life of Pliny by G. H. Rendall, M.A. y. 

Plutarch.— LIFE OF THEMISTOKLES. Edited by Rev. 
H. A. HoLDEN, M.A., LL.D. 5j. 

Propertius. — select POEMS. Edited by Professor J. P. 
PoSTGATE, M.A., Fellow of Trinity College, Cambridge, dr. 

Sallust. — CATILINA AND JUGURTHA. Edited by C. Meri- 
VALE, D.D., Dean of Ely. New Edition, carefully revised and 
enlarged, 4J. 6^. Or separately, 2s. 6d. each. 

CATALINA. Edited by A. M. Cox, M.A., Assistant Master at 
St. Paul's School. [Jn the press. 
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Herodotus. — SELECTIONS FROM BOO) tid In A W. Mutti,!- 
THE EXPEDITION OF XERXES. Edit ; .--sn Loit^ CJ™*^ V "^ 
M.A., Fellow and Lecturer of King's CoU^ .^■. £dj,td br E. B. E.-.cura, 11'. 

Horace. — SELECTIONS FROM TH „, t^;,j >- r, i,' 

EPISTLES. ,,EdUedbyKev.W.J,V._E -'j-.^^^Jl^^^t^^ ' 



St. John's Collie, Cambridge ; AssisUnt 



iVfcnj'iCoUccc, C 



Livy.— THE LAST TWO KINGS OF ' ■'■ !"'■ . X.-V \1 4. fc,nn=l'-- 
FROM THE LAST DECADE OF Lf 'jj«'"'*" ''^^ ^ ' L^r:'--' 



by F. H. Rawlins, M.A., Fellow of F dOifai 
und Afsistanl -Master at Eton College. 



, FeUoi 



..... „=„..» a,.=. ». ^ .£.. j^ jjj^ XVL-XXI\. 

Plato.— EUTHYPHRO AND MENE .,7Vlc 'tdncd br the late ]. H, K 

Gravus, M.A.. Classici! Lecture*- i i"-'-"' - •- ' ■^--" 

College, Cambridge. 
Terence. — SCENES FROM THE 

CoKNiSH.M.A., Assistant- M aster r 
The Greek Elegiac Poets. 

CALLIMACHUS. Selected b 

Kynaston, M.A., Principal of ( 

Fellow of St. John's College, Ca 
Thucydides.—BOOK IV. Cf ■ 



■IKS IX -XII. THE NARRATIVI 

OKS XX1.-XXIV. THE TRIL ir. 
^.ed by S. G. HA-.LTON, B.A., U. 

_t,Oitori. yM- 

. l''l«^'=''-''^lf7^IV.sei»ratelj,^- 
aor of Laiioi'H'" Lm" 



RES. Edited, foe 'I". ' 
I A., Head-Master of (<:- 
.fjesos College. OKlord. .- 
, profeffior John E. B. >- 



VI. 



is.6a. 



itedbrKev.H.M.SrErH:-l 
's Sdiool. York. 5'- I 
«] br the Rw. W. WA^ 
,«tt5ifotd. WiihM>:-^J 
tedbrG. C MACAirui" 



^SiBi 




X. H- WAiasnrrwic 



Coepas c-KiaSL Coilje^e. C*&i:in. 



.' EPIGRAMS. E£;ai br Ksr. H. 



M % ^ *^^ cred br & H. ffaiTAii. ItLA., FcCi: 



%■» 



- .V -. 



> 



ISTULjEXin. £&cdbr£.S. Set 
3SES. BOOKS Xm. axd XTV 



4 . 



3. E4&0i bf E. S. Thoxksk, 3iLA^ F«Q:i«r of 



'* \XD CRTTO. ^Ediad Vt F. J. H. jEJOCi^eeviK, 

, , OfW of Tiiairr Csljcg^ C a ^nrc xige. 'Jx T^.yuarB^arm^ 

*"' • ;BUC- BOOKS L— V. Edited br T. H. Waililes, 

-^'4ft-. Jov of li^dakm Cdksc^ Oxi^nl. IJm pn^tcresjnu 

:^ Jtr -MTLES GLORIOSrS. Edhcd br IL Y. TriLXszi. 

StSLrr and Profiessor of Gfeck is TzisirT CoLje^s. IT^rbcoL. 



>; 



LETTERS. BOOK IIL £di£cd br Pnicsce Tc^s E. B. 
L WiA Life of PHny br G. H. RkxDAli, MIa. >t 



Ch. — LIFE OF THEMISTOKLES. Edired br Rer, 
A. HoiJ>E3C, M.A., LLJ). 5^. 

jertins. — SELECT POEMS. Edhcd br Pr^^f c ihcc T, p. 
^OSTGATI^ M.A., Fdlow of Trinilj CoLegtc, 



Host. — CATILIXA AXD JUGURTHA. Edhwi ly C, Mix? 
VALS, D.D., Dean of Elr. New F^irioo . carefLlT reT»ot j 
enlarged, 4x. 6/, Or sepuat^, 2x. 6d. cacb. 

':ATALIXA. Edited bj A. M. Cox, M.A,, ^y?Hgai^ M^rs^wr 

^ :>' St. PanTs Sdbo<^ ;^k ;t 
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Sophocles. — ^ANTIGONE. Edited by Rev. John Bond, M.A., 
and A. S. Walpole, M.A. [In preparation, 

Tacitus. — AGRICOLA and GERMANIA. Edited by A. J. 
Church, M.A., and W. J. Brodribb, M.A., Translators of 
Tacitus. New Edition, y, &i. Or separately, 2s. each. 

THE ANNALS. BOOK VI. By the same Editors. 2j. 6d. 

THE HISTORY. BOOKS I. and IL Edited by A. D. Godlky, 
M.A. [In preparation, 

. THE ANNALS. BOOKS L and II. Edited by J. S. Reid, 
M.A. [In preparation, 

Terence.—^HAUTON TIMORUMENOS. Edited by E. S, 
Shuckburgh, M.A. 3J. With Translation, 4f. 6d, 

PHORMIO. Edited by Rev. John Bond, M.A., and A. S. 
Walpole, B.A. 4j. 6d. 

Thucydides. BOOKS 1. IL HI. IV. and V. Edited by C. E. 
Graves, M.A., Classical Lecturer, and late Fellow of St. John's 
College, Cambridge. (To be published separately.) 

[Book IV, in the press, 

BOOKS VI. and VII. THE SICILIAN EXPEDITION. Edited 
by the Rev. Percival Frost, M.A., late Fellow of St. John's 
College, Cambridge. New Edition, revised and enlarged, with 
Map. 55"* 

Virgil.— ^NEID. BOOKS II. and III. THE NARRATIVE 
OF ^NEAS. Edited by E. W. HowsoN, M.A., Fellow of King's 
College, Cambridge, and Assistant-Master at HaiTOw. y, 

Xenophon. — HELLENICA, BOOKS I. AND IL Edited by 

H. Hailstone, B.A., late Scholar of Peterhouse, Cambridge. 

With Map. 4J. 6^. 
CYROPiEDIA. BOOKS VII. and VIII. Edited by Alfred 

Goodwin, M.A., Professor of Greek in University College, 

London, ^s, 
MEMORABILIA SOCRATIS. Edited by A. R. Cluer, B.A. 

Balliol College, Oxford. 6j. 
THE ANABASIS. BOOKS L— IV. Edited by Professors W. W. 

Goodwin and J. W. White. Adapted to Goodwin's Greek 

Grammar. With a Map. 5j. 
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Xenophon.— HIERO. Edited by Rev. H. A. Holden, M.A., 
LL.D. 3J. 6d, 

OECONOMICUS. By the same Editor. [In the press. 

%* Other Volumes will follow. 



CLASSICAL LIBRARY. 

• • 

(i) Texts, Edited with Introductions and Notes, 
for the use of Advanced Students. (2) Commentaries 
and Translations. 

iflEschylus.— 1*HE EUMENIDES. The Greek Text, with 
Introduction, English Notesj and Verse Translation. By Bernard 
Drake, M.A.j late Fellow o£ King's Coliege, Cambridge. 
8vo. $s, 

AGAMElVtNON, CHOEPHORCE, AND EUMENIDES. Edited, 
with Introduction and Notes, by A. O. Prickard, M.A., Fellow 
and Tutor of New CoU^e, Oxford. 8vo. [In preparation. 

Antoninus, Marcus Aurelius. — book iv. of the 

MEDITATIONS. The Text Revised, with translation and 
Notes, by Hastings Crossley, M.A., Professor of Greek in 
Queen's College, Belfast. 8vo. 6s. 

Aristotle. — the metaphysics, book L Translated by 
a Cambridge Graduate. 8vo. 5^* [Book II. in preparation, 

THE POLITICS. Edited, after Suse^ikl, by R. D. Hicks, 
M.A., Fellow of trinity College, Cambridge. 8vo. [In the press. 

THE POLITICS. Translated by Rev. J. E. C. Welldon, M.A., 
Fellow of King's .Colleige, Cambridge, and Master of Dulwich 
College. Crown 8vo. IQS. dd. 

. THE RHETORIC. By the same Translator. [In preparation. 

AN INTRODUCTION TO ARISTOTLE'S RHETORIC. 
With Analysis, Notes, and Appendices. By E. M. Cope, Fellow 
and Tutor of Trinity College, Cambridge. 8vo. 14^. 

* THE SOPHISTICI ELENCHI. With Translation and Notes 
by E. PoSTE, M.A., Fellow of Oriel College, Oxford. 8vo. 8j. 6d. 
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Martial. — BOOKS I. and II. of the epigrams. Edited, 
with Introduction and Notes, by Professor J, E. B. Mayor, M. A. 
8vo. [In the press, 

(See also Classical Series,) 

Phrynichus. — ^THE NEW*PHRYNICHUS j being a Revised 
Text of the Eclog^ of the Grammarian Phrynichus. With Intro- 
duction and Commentary by Rev. W. GuNiON Rutherford, 
M.A., Head Master of Westminster School. 6vo. iSs, 

Pindar.— THE extant odes of PINDAR. Translated 
into English, with an Introduction and short Notes, by Ernest 
Myers, M.A., late Fellow of Wadham College, Oxford. Crown 
8vo. 5f. 

Plato. — PH^DO. Edited by R. D. Archer-Hind, M.A., 
Fellow of Trinity College, C^imbridge. 8vo. Ss, 6d. 

PIIILEBUS. Edited, with Introduction and Notes, by Henry 
Jackson, M.A., Fellow of Trinity College, Cambridge. 8vo. 

[In preparation. 

THE REPUBLIC OF PLATO. Translated intp English, with 
an Analysis and Notes, by J. L;^. Davies, M.A., and D. J. 
Vaughan, M.A. i8mo. /p*. 6^. 

EUTHYPHRO, APOLOGY, CI^ITO, AND PHiEDO. Trans- 
lated by F. J. Church. Crown 8vo. 4J. 6^. 

(See also Classical Series.) 

PlautUS. — THE MOSTELLARIA OF PLAUTUS. With Notes, 
Prolegomena, and Excursus. By William Ramsay, M.A., 
formerly Professor of Humanity in the University of GlasgovN-. 
Edited by Professor George G. Ramsay, M.A., of the University 
of Glasgow. 8vo. 14^. 

(See also Classical Series.) 

SalluSt. — CATILINE and JUGURTHA. Translated, with 
Introductory Essays, by A. W. Pollard, B.A. Crown 8vo. 6s. 

(See also Classical Series.) 

Tacitus. — ^THE ANNALS. Edited, with Introductions and 
Notes, by G. O. Holbrooke, M.A., Professor of Latin in Trinity 
College, Hartford, U.S.A. With Maps. 8vo. i6j. 

.1 THE ANNALS. Translated by A. J. Church, M.A., Professor 
of Latin in the University of London, and W. J. Brodribb, M.A. 
With Notes and Maps. New Edition. Crown 8vo. ^s. 6d, 
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Tacitus (continued)— 

THE HISTORY. Edited, with Introduction and Notes, by 
Rev. Walter Short, M.A., and Rev. W. A. Spooner, M.A., 
Fellows of New College, Oxford. 8vo. [In preparation. 

THE HISTORY, translated by A. J. Church, M.A., Professor 
of Latin in the. University of London, and W. J. Brodribb, M.A. 
With Notes and a Map. New Edition. Crown 8vo. 6j. 

THE AGRICOLA AND GERMANY, WITH THE DIALOGUE 
ON ORATORY. Translated by A. J. Church, M.A., and 
W. J. Brodribb, M.A. With Notes and Maps. New and 
Revised Edition. Crown 8vo. 4^. 6</. 

INTRODUCTION TO THE STUDY OF TACITUS. By 
A. J. Church, M.A. and W. J. Brodribb, M.A. Fcap. 8vo. 
i8mo. IS, 6d, {Classical Writers Series.) 

Theocritus, Bion, and MoSChuS. Rendered into Eng- 
lish Prose with Introductory Essay by Andrew Lang, M.A. 
Crown. 8vo, 6s, 

Virgil. — THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Notes, Introductions, Running Analysis, 
and an Index, by James Lonsdale, M.A., and Samuel Lee, 
M.A. New Edition. Globe 8vo. y. 6d, 

THE iENEID. Translated by J. W. Mackail, M.A., Fellow of 
Balliol College, Oxford. Crown 8vo. [In preparation. 



GRAMMAR. COMPOSITION, & PHILOLOGY. 

Belcher.— SHORT EXERCISES IN LATIN PROSE COM- 
POSITION AND EXAMINATION PAPERS IN LATIN 
GRAMMAR, to which is prefixed a Chapter on Analysis of 
Sentences. By the Rev. H. Belcher, M.A., Assistant-Master in 
King's College School, London. New Edition. i8mo. is. 6d. 

KEY TO THE ABOVE (for Teachers only). 2s. 6d. 

SHORT EXERCISES IN LATIN PROSE COMPOSITION. 
Part II., On the Syntax of Sentences, with an Appendix, includ- 
ing EXERCISES IN LATIN IDIOMS, &c. i8mo. 2J. 

KEY TO THE ABOVE (for Teachers only). 3^. 
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Blackie GREEK AND ENGLISH DIALOGUES FOR USE 

IN SCHOOLS AND COLLEGES. By John STtTART Blackie, 
Emeritus Professor of Greek in the University of Edinburgh. 
New Edition. Fcap. 8vo. 2s, 6d, 

Bryans. — ^EXERCISES IN LATIN PROSE FOUNDED UPON 
CiESAR. ByC. W. Bryans, M.A., Assistant-Master in Dulwich 
College. Globe 8vo. f/« preparation. 

Ellis.—PRACTICAL HINTS ON THE QUANTITATIVE 
PRONUNCIATION OF LATIN, for the use of Classical 
Teachers and Linguists. By A. J. Ellis, B.A., F.R.S. Extra 
fcap. 8vo. 4r. 6d, 

England. — EXERCISES ON latin syntax and IDIOM, 
ARRANGED WITH REFERENCE TO ROBY*S SCHOOL 
LATIN GRAMMAR. By E. B, England, M.A., Assistant 
Lecturer at the Owens College, Manchester. Crown 8vo. 2j. 6d. 
Key for Teachers only, 2J. dSl 

Goodwin. — Works by W. W. Goodwin, LL.D., Professor of 
Greek in Harvard University, U.S.A. 

SYNTAX OF THE MOODS AND TENSES OF THE GREEK 
VERB. New Edition, revised. Crown 8vo. dr. 6d, 

A GREEK GRAMMAR. New Edition, revised. Crown 8vo. 

6s, 

"It is the best Greek Grammar of its size in the English language." — 
Athenaeum. 

A GREEK GRAMMAR FOR SCHOOLS. Crown 8vo. 3J. 6d, 

GreenwOOd.--THE ELEMENTS OF GREEK GRAMMAR, 
including Accidence, Irregular Verbs, and Principles of Deriva- 
tion and Composition ; adapted to the System of Crude Forms. 
By J. G. Greenwood, Principal of Owens College, Manchester. 
New Edition. Crown 8vo. 5j. 6d, 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION. 
A brief Sketch of the Fables of the Ancients, prepared to bt 
rendered into Latin Verse for Schools. By F. Hodgson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo* p. 

Jackson. — FIRST STEPS TO GREEK PROSE COMPOSI- 
TION. By BlomfIeld Jackson, M.A.,- Assistant-Master in 
King's College School, London. New Edition, revised and 
enlarged. i8mo. is, 6d. 
KEY TO FIRST STEPS (for Teachers only). l8mo. 3J. 6rf. 
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Jackson {continued)-^ 

SECOND STEPS TO GREEK PROSE COMPOSITION, with 
Miscellaneous Idioms, Aids to Accentuation, and Examination 
Papers in Greek Scholarship. i8mo. 2s. 6d. 

KEY TO SECOND STEPS (for Teachers only). i8mo. 3^. 6d. 

Kynaston.— EXERCISES IN THE COMPOSITION OF 
GREEK IAMBIC VERSE by Translations from English Dra- 
.matists. By Rev. H. Kynaston, M.A., Principal of Cheltenham 
College. With Introduction, Vocabulary, &c. Extra fcap. 8vo. 
4^. 6d. 
KEY TO THE SAME (for Teachers t? only). Extra fcap. 8vo. 
4J. 6d, 

Macmillan. — first latin grammar. By M. C. Mac- 

MILLAN, M.A., late Scholar of Christ's College, Cambridge; 
sometime Assistant-Master in St. Paul's School. New Edition, 
enlarged. i8mo. is. 6d. A Short Syntax is in preparation 
^o follow the Accidence. 

Macmillan's Progressive Latin Course. By G. 

H. Hallam, M.A., Fellow of St. John's College, Cambridge, 
Assistant-Master at Harrow. Fhrst Year. Globe 8vo. 

[In preparation^ 

Marshall. — a table of irregular greek verbs, 

classified according to the arrangement of Curtius's Greek Grammar. 
By J. M. Marshall, M.A., one of the Masters in Clifton College. 
8vo, cloth. New Edition, is. 

Mayor (John E. B.) — FIRST GREEK READER. Edited 
after Karl Halm, with Corrections and large Additions by Pro- 
fessor John E. B. Mayor, M.A., Fellow of St. John's College, 
Cambridge. New Edition, revised. Fcap, 8vo. 4J. 6d. 

Mayor (Joseph B.) — GREEK FOR BEGINNERS. Byth? 
Rev. J. B. Mayor, M.A.,. Professor of Classical Literature i 
King's College, London. Part I., with Vocabulary, is. 6d. 
Parts II. and HI., with Vocabulary and Index, y. 6d. Complete 
in one Vol. fcap. 8vo. 4s. 6d. 

Nixon. — PARALLEL EXTRACTS arranged for translation into 
English and Latin, with Notes on Idioms. By J. E. NiXON, 
M. A., Fellow and Classical Lecturer, King's College, Cambridge. 
Part I. — Historical and Epistolary. New edition, revised and 
enlarged. Crown 8vo. 31. 6d. 

Peile. — A PRIMER OF PHILOLOGY. By J. Peile, M.A., 
Fellow and Tutor of Christ's College, Cambridge. l8mo. ijr 
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Postgate and Vince. — a DICTIONARY OF LATIN 

ETYMOLOGY. By J. P. PoSTGATi, M.A., and C. A. Vince, 
M . A . [/« preparation. 

Potts (A. W.) — Works by Alexander W. Potts, M.A., 
LL.D., late Fellow of St. John's College, Cambridge; Head- 
Master of the Fettes College, Edinburgh. 

HINTS TOWARDS LATIN PROSE COMPOSITION. Ne^v 
Edition. Extra fcap. 8vo, %5. 

PASSAGES FOR TRANSLATION INTO LATIN PROSE. 
Edited with Notes and References to the above. New Edition. 
Extra fcap. 8vo. 25, dd. 

LATIN VERSIONS OF PASSAGES FOR TRANSLATION 
INTO LATIN PROSE (for Teachers only). 2J. 6^. 

Reid. — A GRAMMAR OF TACITUS. By J. S. Reid, M.L., 
Fellow of Caius College, Cambridge. [/« preparation, 

A GRAMMAR OF VERGIL. By the same Author. 

\In preparation, 

*i>* Similar Grammars to other Classical Authors will probably follow, 

Roby. — A GRAMMAR OF THE LATIN LANGUAGE, from 

Plautus to Suetonius. By H. J. RoBY, M.A., late Fellow of St. 

John's College, Cambridge. In Two Parts. Third Edition. 

Part I. containing: — Book I. Sounds. Book II. Inflexions. 

Book III. Word-formation. Appendices. Crown 8vo. 8j. 6d, 

Part II. Syntax, Preposition?, &c. Crown 8vo. los, 6'/. 

** Marked by the clear and practised insight of a master in bis art. A book that 
would do honour to any country " — A.thvsjb,vm. 

SCHOOL LATIN GRAMMAR. By the same Author. Crown 
8vo. 5 J. 

Rush.— SYNTHETIC LATIN DELECTUS. A First Latin 
Construing Book arranged on the Principles of Grammatical 
Analysis. With Notes and Vocabulary. By E. Rush, B.A. 
With Preface by the Rev. W. F. MouLTON, M.A., D.D. New 
and Enlarged Edition. Extra fcap. 8vo. 2s. 6d, 

Rust — FIRST STEPS TO LATIN PROSE COMPOSITION. 
By the Rev. G. Rust, M.A., of Pembroke College, Oxford, 
Master of the Lower ScHbol, King's College, London. New 
Edition* x8mo« is, 6d, 
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Rutherford. — Works by the Rev. W. GuNiON Rutherforp, 
M.A., Head -Master of Westminster School. 

A FIRST GREEK GRAMMAR. New Edition, enlarged. Extra 
fcap. 8vo. IS. 6d. 

THE NEW PHRYNICHUS; being a Revised Text of the 
Ecloga of the Grammarian Phrynichus. With Introduction and 
Commentary. 8vo. iSs, 

Thring. — Works by the Rev. E. Thring, M.A., Head-Master of 
Uppingham School. 

A LATIN GRADUAL. A Fh^t Latin Construing Book for 
Beginners. New Edition, enlarged, with Coloured Sentence 
Maps. Fcap. 8vo. 2s: 6</. 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 8vo. 
IS. 6d. 

White. — FIRST LESSONS IN ^REEK. Adapted to GOOD- 
WIN'S GREEK GRAMMAR, and designed as an introduction 
to the ANABASIS OF XENOPHON. By John Williams 
White, Ph.D., Assistant-Professor of Greek in Harvard Univer- 
sity. Crown 8vo. 4?. td. 

Wright. — Works by J. Wright, M.A., late Head Master of 
Sutton Coldfield School. 

A HELP TO LATIN GRAMMAR ; or, The Form and Use 
of Words in Latin, with Progressive Exercises. Crown 8vo. 
4J. 6d. * 

THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 
from the First Book of Livy by the omission of Difficult Passages ; 
being a First Latin Reading Book, with Grammatical Notes and 
Vocabulary. New and revised Edition. Fcap. 8vo. 3J. 6d. 

FIRST LATIN STEPS ; OR, AN INTRODUCTION BY A 
SERIES OF EXAMPLES TO THE STUDY OF THE 
LATIN LANGUAGE. Crown 8vo. 3/. 

ATTIC PRIMER. Arranged for the Use of Beginners. Extra 
fcap. 8vo. 2s. 6d. 

A COMPLETE LATIN COURSE, comprising Rules with 
Examples, Exercises, both Latin and English, on each Rule and 
Vocabularies. Crown 8vo. 2s. 6d. 
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